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Electrical bursting is an activity which is universal in excitable cells such as neurons and various
endocrine cells, and it encodes rich physiological information. As burst delay identifies that the
signal integration has reached the threshold at which it can generate an action potential, the
number of spikes in a burst may have essential physiological implications, and the transition
of bursting in excitable cells is associated with the bifurcation phenomenon closely. In this
paper, we focus on the transition of the spike count per burst of the pancreatic β-cells within a
mathematical model and bifurcation phenomenon in the Chay–Keizer model, which is utilized
to simulate the pancreatic β-cells. By the fast–slow dynamical bifurcation analysis and the
bi-parameter bifurcation analysis, the local dynamics of the Chay–Keizer system around the
Bogdanov–Takens bifurcation is illustrated. Then the variety of the number of spikes per burst
is discussed by changing the settings of a single parameter and bi-parameter. Moreover, results
on the number of spikes within a burst are summarized in ISIs (interspike intervals) sequence
diagrams, maximum and minimum, and the number of spikes under bi-parameter value changes.

Keywords : Bogdanov–Takens bifurcation; spike adding; interspike intervals (ISIs); bursting, pan-
creatic β-cell; fast–slow dynamics analysis.

1. Introduction

The Chay–Keizer model, which was inspired by a
hypothesis of Atwater and Rojas [Atwater et al.,
1980], was presented by Chay and Keizer [1983].
It is the original Hodgkin–Huxley type model for
pancreatic β-cells, which are placed in cell clusters

within the islets of Langerhans. The primary func-
tion of β-cells is tantamount to regulate glucose
concentration in blood. Malfunctioning β-cells can
cause type II diabetes [Lang et al., 1981]. An impor-
tant aspect of the Chay–Keizer model is to simulate
and investigate the electrical activity of pancreatic
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β-cells. The model is used to understand the β-cell
oscillations and insulin secretion [Pedersen, 2009;
Félix-Mart́ınez & God́ınez-Fernández, 2014]. The
kinetic properties of the model and some simi-
lar models such as the Wierschen–Bertram model
[Yang & Guan, 2011] and the generic pituitary
model [Tsaneva-Atanasova et al., 2010] were stud-
ied [Bertram & Sherman, 2004; Zhang et al., 2011;
Teka et al., 2011].

Various patterns of electrical activity can be
observed in excitable cells such as neurons and dif-
ferent endocrine cells. The spiking and bursting
electrical activity are ubiquitous in excitable cells,
and there exist numerous known transition pat-
terns between spiking and bursting such as a blue
sky catastrophe [Shilnikov & Cymbalyuk, 2005],
period doubling [Ye et al., 2014], chaos [Medvedev,
2006], mixed-mode oscillations (MMOs) [Wojcik &
Shilnikov, 2011] and so on. Dynamical mecha-
nisms of these patterns have been investigated both
experimentally and theoretically [Izhikevich, 2000;
Koch & Segar, 1989; Terman, 1991; Desroches et al.,
2012]. Through use of mathematical models of neu-
rons, besides studying the reasons for firing pattern
generation, various dynamical properties associated
with the process of firing pattern transitions have
also been explored. For example, spiking adding
mechanisms in transient bursts and the Hindmarsh–
Rose burster have been tackled by using bifurcation
analysis [Nowacki et al., 2012; Linaro et al., 2011].

The firing patterns of the single pancreatic β-
cells also have their own characteristics. Two types
of bursting oscillations have been prepared by using
the technique of fast/slow analysis, plateau and
pseudo-plateau bursting. Pseudo-plateau bursting,
a type of canard-induced mixed-mode oscillation
produced by some endocrine cells, is characterized
by slight impulses or spikes which ride on top of
a lift voltage plateau. It is different from plateau
bursting, that is the standard classical square-wave
bursting which often appears in neurons and many
endocrine cells [Desroches et al., 2013]. Given the
functional significance of these types of bursting,
it is important to comprehend the way in which
they are organized and how they emerge and die.
In addition, the number of spikes in a burst and
differences in spike counts may have essential phys-
iological implications. For instance, the number
of spikes per burst may allow for discrimination
among different types of certain stimulus features
[Osinga & Tsaneva-Atanasova, 2010]. Mechanisms

behind pseudo-plateau bursting generation in pitu-
itary cells have been explicated [Vo et al., 2010,
2014]. The switch from plateau to pseudo-plateau
bursting has also been illustrated by using bifur-
cation analysis [Teka et al., 2011]. However, alter-
ing the intra-burst spike count in pancreatic β-cells
comes to nothing. So our study concerns the anal-
ysis of differences in the number of spikes within a
burst based on the Chay–Keizer model.

The paper is organized as follows. In Sec. 2,
bifurcation analysis for the Chay–Keizer model is
presented through the fast–slow dynamical bifurca-
tion theory [Yang & Lu, 2008] and the Bogdanov–
Takens bifurcation theory [Carrillo et al., 2010]. In
Sec. 3, variations in the number of spikes within
a burst are discussed and simulated by changing
values of certain parameters. The rules behind the
transition of the spike count are considered. Sec-
tion 4 is a brief conclusion.

2. Model and Methodology

The Chay–Keizer model described the pancreatic
islet electrical activities for the first time. The
model has since been modified to produce subse-
quent models with similar structures. The basic
model includes four types of currents, an inward
Ca2+ current, ICa, an outward delayed rectifier K+

current, IK, a Ca2+-dependent K+ current, IK(Ca),
and a ATP-sensitive K+ current, IK(ATP). The dif-
ferential equations for the membrane potential, V ,
activation of delayed rectifier K+ channels, n, and
cytosolic free Ca2+ concentration, c, are as follows:

dV

dt
= − 1

Cm
[ICa + IK + IK(Ca) + IK(ATP)], (1)

dn

dt
=

n∞(V ) − n

τn
, (2)

dc

dt
= fcytJmem, (3)

where Cm is the membrane capacitance, n∞ denotes
the steady state function for the gate variable n,
τn represents the activation time constant for the
delayed rectifier channel, fcyt denotes the ratio of
free to total Ca2+ in the cell, and Jmem represents
the flux of Ca2+ through the plasma membrane.
Expressions for the ionic currents are governed by

ICa = gCam∞(V )(V − VCa),

IK = gKn(V − VK),
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IK(Ca) = gK(Ca)s∞(c)(V − VK),

IK(ATP) = gK(ATP)(V − VK),

where parameters VCa and VK are the reversal
potentials for Ca2+ and K+ respectively. Param-
eters gCa, gK, gK(Ca) and gK(ATP) are the maximal
conductance for the various types of channels. Here
m∞ denotes the steady state activation function for
the inward Ca2+ current, and s∞ shows the frac-
tion of K(Ca) channels activated by cytosolic Ca2+.
Expressions of these steady state activation func-
tions are described by

m∞(V ) =
(

1 + exp
(

vm − V

sm

))−1

,

n∞(V ) =
(

1 + exp
(

vn − V

sn

))−1

,

s∞(c) =
c5

c5 + K5
d

,

where parameters vm and vn are the values of volt-
age when m∞ and n∞ reach their half-maximum
values. Parameters sm and sn show the slopes of
the m∞ and n∞ curves, respectively. In addition,
parameter Kd denotes the dissociation constant for
Ca2+ binding to the K(Ca) channel. Finally, the
Ca2+ flux through the membrane is

Jmem = −(αICa + kPMCAc),

where α transforms units of current to units of
flux, and kPMCA denotes the rate of Ca2+ expul-
sion from the cell, i.e. the pump rate. Values of
parameters used in the above model are listed as fol-
lows: Cm = 5300 fF, gCa = 1200 pS, gK = 6000 pS,
gK(Ca) = 700 pS, gK(ATP) = 230 pS, vm = −20 mV,
vn = −16 mV, VCa = 25 mV, VK = −75 mV,
sm = 12 mV, sn = 5 mV, τn = 16 ms, Kd = 0.3 µM,
α = 4.5 × 10−6 fA−1µMms−1, kPMCA = 0.2 ms−1,
and fcyt = 0.01.

The model was simulated in Python and Mat-
cont, and all charts were also plotted using mathe-
matical softwares.

3. Main Results

3.1. Bifurcation analysis of
equilibria of Chay–Keizer
model

Mixed-mode oscillations such as plateau bursting
and pseudo-plateau busting were observed in the

numerical simulation, and similar bursting was also
found and studied in many neurons and endocrine
cells [Vo et al., 2010, 2014; Teka et al., 2011]. Uti-
lizing geometric singular perturbation, the mixed-
mode oscillations of generation mechanism of the
endocrine pituitary was revealed [Vo et al., 2010,
2014]. The fast–slow dynamical bifurcation analysis
[Izhikevich, 2000] can also be used to study the tran-
sition of firing patterns. Different types of bursting
in neurons and endocrine cells were studied [Yang &
Lu, 2008; Meng et al., 2011; Lu et al., 2004]. There-
fore, in this part we are going to investigate the
transition of plateau bursting and pseudo-plateau
busting in pancreatic β-cells.

Various types of firing patterns are shown in
Fig. 1. The first two figures present square-wave
bursting, i.e. plateau bursting. Figure 1(d) shows
the triangular type of bursting and the pseudo-
plateau busting appears as the parameter fcyt

increases. They all belong to mixed-mode oscilla-
tions, and can be found in psychological experi-
ments [Kinard et al., 1999].

Because fcyt is usually a small quantity and
then c varies much slower than other variables,
the system (1)–(3) is a multi-timescale problem for
which there are two fast and one slow variables in
the model. We can use the fast/slow dynamics anal-
ysis to study the transition of firing patterns. A fast
subsystem is governed by

dV

dt
= − 1

Cm
[ICa + IK + IK(Ca) + IK(ATP)], (4)

dn

dt
=

n∞(V ) − n

τn
. (5)

Equilibria for the fast subsystem is given by the
following equations:

ICa + IK + IK(Ca) + IK(ATP) = 0, (6)

n∞(V ) − n

τn
= 0. (7)

The nullcline of the slow variable c satisfies the
following condition:

c = −αgCam∞(V )(V − VCa)
kPMCA

.

When the slow variable c is taken as the bifur-
cation parameter of the fast subsystem, a Z-shaped
bifurcation curve of the equilibrium points of the
fast subsystem (4)–(5) in the (c, V )-phase plane
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(a) (b)

(c) (d)

Fig. 1. Diverse types of time course of membrane potential with different values of parameters. (a) The low frequency square-
wave bursting at VK = −75 and fcyt = 0.006, (b) the high frequency square-wave bursting at VK = −75 and fcyt = 0.0005,
(c) the time course in the chaotic region at VK = −73 and fcyt = 0.006 and (d) the tapered bursting at VK = −70 and
fcyt = 0.0005.

for VK = −73 mV and fcyt = 0.0001 is displayed
in Fig. 2(a), and the trajectory of the bursting is
superimposed on the bifurcation curve. Two Hopf
bifurcation points (H1 and H2) occur on the upper
branch of the Z-shaped bifurcation curve, where
the stable focus of the fast subsystem loses its
stability via the Hopf bifurcation at H1 (at c =
−0.203366), and the stable limit cycle, depicted
with the maximum and minimum values of the
membrane potential V (the solid curves), arises
around the unstable focus and then disappears and
returns to the stable focus via the Hopf bifurca-
tion at H2 (at c = 0.203923). The middle and
lower branches of the Z-shaped bifurcation curve
are composed of saddles (the dashed curve) and
stable nodes (the solid curve), respectively. The
rest state on the lower branch of the Z-shaped
bifurcation curve vanishes and transits to the spik-
ing state corresponding to the stable limit cycle
around the upper branch of the bifurcation curve
via the fold bifurcation at LP1. And the upper rest

state transits to the lower rest state via the fold
bifurcation at LP2. Moreover, besides the above
two bifurcations which result in the emergence and
termination of the spike state, the bifurcations
of hysteresis loop are also considered. Thus, the
bursting whose shape is tapered displays dynam-
ical behavior of the fold/Hopf bursting via the
fold/fold hysteresis loop, and the pseudo-plateau
busting appears as the parameter fcyt increases.

As the reversal potential of the potassium ion
decreases, the Hopf point H1 closes into LP2 and
the saddle homoclinic bifurcation occurs at VK =
−75 in Fig. 2(c). Then the spiking state returns
to the rest state via the saddle homoclinic bifurca-
tion which is different from the above case. Thus
the bursting whose shape is square-wave displays
dynamical behavior of the fold/homoclinic bursting
via the fold/homoclinic hysteresis loop. The num-
ber of spikes per burst decreases as the parame-
ter fcyt increases. The change of distance between
H1 and LP2 can be clearly observed in Fig. 2(d).
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(a) (b)

(c) (d)

Fig. 2. The fast–slow dynamic bifurcation analysis. (a)–(c) Bifurcation diagrams of equilibria for the fast subsystem with
respect to the slow variable c for VK = −73mV, VK = −74mV and VK = −75 mV, respectively. The corresponding phase
portraits of all systems are superimposed on the bifurcation curves. Here H1 and H2 represent the subcritical Hopf bifurca-
tion points, LP1 and LP2 represent the fold bifurcation points, and Vmax and Vmin represent the maximum and minimum
values of the membrane potential V , respectively. (d) Bifurcation of equilibria for the fast subsystem for different values of
VK (VK = −73 mV (blue), VK = −74mV (red), VK = −75 mV (green)), where H1 x and H2 x represent the subcritical
Hopf bifurcation points at VK = −xmV, and LP1 x and LP2 x represent the fold bifurcation points at VK = −xmV with
x = 73, 74, 75, respectively.

The reversal potential of the potassium ion VK

and the ratio of free to total Ca2+ in the cell
fcyt affect the firing patterns of the pancreatic β-
cells which are governed by the Chay–Keizer model.
Hence, these parameters related to the channels of
the potassium ion and the calcium ion are con-
sidered to explore the spike adding transition in
the pancreatic β-cells. Furthermore, codimension-2
bifurcations of equilibria are considered in the sec-
tion. We first present a bifurcation diagram for the
Chay–Keizer model (1)–(3) in the (VK, fcyt) two-
dimensional parameter space. Then, the Bogdanov–
Takens bifurcation is investigated by combining the
bifurcation theory of ordinary differential equations
and the numerical simulations.

Figure 3 shows the bi-parameter bifurcation
diagram of the Chay–Keizer model. The abscissa
and the ordinate are VK and fcyt, respectively.
The red curves denote the saddle-node bifurcation
curves SN1 and SN2, and the blue curve is the
Hopf bifurcation curve denoted by H in Fig. 3. The
codimension-2 Bogdanov–Takens bifurcation BT1

and BT2 are placed on the saddle-node bifurcation
curves SN1 and SN2. Then the types of bifurcations
of equilibria in the Chay–Keizer model (1)–(3) near
the Bogdanov–Takens bifurcation are investigated
by Carrillo et al. [2010].

Fig. 3. Two-parameter bifurcation diagram in the (VK,
fcyt)-plane. All parameters are as indicated in Sec. 2.
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(VK, fcyt) is taken as bifurcation parameters in the system (1)–(3). The Bogdanov–Takens bifurcation
point BT1 appears at (VK, fcyt) = (−76.323729, 0.132641) � µ0 in Fig. 2, and the coordinate of the
corresponding equilibrium point is (V, n, c) = (−51.202700, 0.000875, 0.142221) � X0. The system (1)–(3)
can be rewritten in the following form:

dX

dt
= F (X,µ), (8)

where X = (V, n, c)T , µ = (VK, fcyt)T , and

F (X,µ) =




− 1
Cm

[gCam∞(V )(V − VCa) + gKn(V − VK) + gK(Ca)s∞(c)(V − VK) + gK(ATP)(V − VK)]

n∞(V ) − n

τn

−fcyt(αgCam∞(V )(V − VCa) + kPMCAc)




.

The Taylor expansion of F (X,µ) around (X0, µ0) is

F (X,µ) = DF (X0, µ0)(X − X0) + Fµ(X0, µ0)(µ − µ0) +
1
2
D2F (X0, µ0)(X − X0,X − X0)

+ FµX(X0, µ0)(µ − µ0,X − X0) + · · · ,
where

A �




0.02938950305 −28.43890076 −2.663944021

0.00001092652569 −0.0625 0

0.0002431610798 0 −0.0265282


.

The eigenvalues of matrix A are 0, 0, and −0.05963869695, respectively.
Let P = (p1, p2, p0) and P is an invertible matrix. We change matrix A into the Jordan normal form.

That is

P−1AP =




0 1 0

0 0 0

0 0 −0.05963869695


,

with

J0 =

(
0 1

0 0

)
, J1 = −0.05963869695.

Then we have

p1 = (1, 0.0001748269236, 0.009166267388)T , p2 = (1,−0.002622406367,−0.3363630517)T ,

p0 = (261.8675992, 1,−1.923136590)T .

Let P−1 = (q1, q2, q
T
0 )T . Then we get

q1 = (0.9988356930,−252.0724804, 4.934763681)T ,

q2 = (0.02780095068,−12.64900851,−2.791710339)T ,

q0 = (−0.0001017179813, 1.010898216,−0.008183728522).
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By a straightforward calculation as described in [Carrillo et al., 2010], we obtain

a =
1
2
pT
1 (q2 · D2F (X0, µ0))p1 = −0.00008872816565,

b = pT
1 (q1 · D2F (X0, µ0))p1 + pT

1 (q2 · D2F (X0, µ0))p2 = 0.00261000317,

S1 = F T
µ (X0, µ0)q2 = (0.001319860312, 2.034877666 × 10−7)T ,

S2 =
[
2a
b

(pT
1 (q1 · D2F (X0, µ0))p2 + pT

2 (q2 · D2F (X0, µ0))p2) − pT
1 (q2 · D2F (X0, µ0))p2

]
F T

µ (X0, µ0)q1

− 2a
b

2∑
i=1

(qi · (FµX (X0, µ0) − ((p0J
−1
1 q0)Fµ(X0, µ0))T × D2F (X0, µ0)))pi

+ (q2 · (FµX(X0, µ0) − ((p0J
−1
1 q0)Fµ(X0, µ0))T D2F (X0, µ0)))p1

= (−0.0450512112,−0.01078127854)T .

Note that λ1 = VK +76.323729 and λ2 = fcyt−
0.132641. It gives

β1 = ST
1 (µ − µ0) = 0.001319860312λ1

+ 2.034877666 × 10−7λ2,

β2 = ST
2 (µ − µ0) = −0.0450512112λ1

− 0.01078127854λ2 .

According to [Carrillo et al., 2010], we know
the dynamics on the center manifold of system (1)–
(3) is locally topologically equivalent to the fol-
lowing system at the Bogdanov–Takens bifurcation
(X0, µ0):


ż1 = z2,

ż2 = β1 + β2z1 + az2
1 + bz1z2

= 0.001319860312λ1 + 2.034877666× 10−7λ2

− (0.0450512112λ1 + 0.01078127854λ2)z1

− 0.00008872816565z2
1 + 0.00261000317z1z2.

(9)

Furthermore, by virtue of the transformations

t =
0.00261000317

0.00008872816565
t1,

z1 =
0.00008872816565
(0.00261000317)2

η1,

z2 = −(0.00008872816565)2

(0.00261000317)3
η2

the system (9) can be changed to




dη1

dt1
= η2,

dη2

dt1
= β1 + β2η1 + η2

1 − η1η2,

(10)

where

β1 = −0.08768142511λ1 − 0.00001351817098λ2

and

β2 = −38.98212725λ1 − 9.328876202λ2 .

Applying the theory of the Bogdanov–Takens
bifurcation [Kuznetsov, 1998], we obtain

Theorem 1. Let λ1 = VK + 76.323729 and λ2 =
fcyt − 0.132641. If the values of parameters (VK,
fcyt) change around (−76.323729, 0.132641), and
other parameters in system (1)–(3) are indicated
as in Sec. 2, then system (1)–(3) is locally topo-
logically equivalent to the following system at the
Bogdanov–Takens bifurcation BT1:


dη1

dt1
= η2,

dη2

dt1
= −0.08768142511λ1 − 0.00001351817098λ2

− (38.98212725λ1 + 9.328876202λ2)η1

+ η2
1 − η1η2,

(11)

which has the following local bifurcation behaviors
in a small neighborhood of the origin.
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(i) There is a saddle-node bifurcation curve

SN = {(λ1, λ2) : λ2
1 + 0.4786232491λ1λ2

+ 0.05727005366λ2
2 + 0.0002308003811λ1

+ 3.558352 × 10−8λ2 = 0}.
(ii) There is an Andronov–Hopf bifurcation curve

H = {(λ1, λ2) : λ1 = −0.0001541737143λ2 , λ1

+ 0.2393116249λ2 > 0}.
(iii) There is a homoclinic bifurcation curve

HL = {(λ1, λ2) : λ2
1 + 0.4786232492λ1λ2

+ 0.05727005368λ2
2 − 0.0002404170637λ1

− 3.706599168 × 10−8λ2 = o(|λ1, λ2|2), λ1

+ 0.2393116249λ2 > 0}.
The bifurcation behavior in a small neighbor-

hood of the origin at the Bogdanov–Takens bifurca-
tion BT2 can also be computed in a similar manner.

3.2. Influence of single parameters
on spike adding

Spike adding, that the system alters its behavior
from spiking to bursting with increasing number of
spikes per bursts by changing a parameter, arises in
many neurons and endocrine cells [Nowacki et al.,
2012; Linaro et al., 2011]. This phenomenon in pan-
creatic β-cells has been observed [Teka et al., 2011]
experimentally, and in the Chay–Keizer model, by
changing the parameter vn and fcyt it can also be
observed. In addition, other alterations of param-
eters such as VK, gK, and so on, lead to similar
results. In this section we attempt to change the
values of VK to explore spike adding in the Chay–
Keizer model.

The sequences of the action potential inter-
spike intervals (ISIs) are used to describe the tran-
sition of spike adding phenomenon in the Chay–
Keizer model, and ISIs can be given as the following
derivation process.

Suppose that the periodic solution V (t) of
system (1)–(3) reaches the first maximum, the first
minimum and the adjacent maximum at time t1, t2
and t3, respectively. We rewrite Eq. (1) in the form

CmdV

−[ICa + IK + IK(Ca) + IK(ATP)]
= dt. (12)

We notice that the left-hand side of Eq. (12)
has different expression in two time intervals [t1, t2]

and [t2, t3]. Thus, we let

Cm

−[ICa + IK + IK(Ca) + IK(ATP)]

�
{

F1(V ), if t ∈ [t1, t2],

F2(V ), if t ∈ [t2, t3].

The decreasing period of time of V (t) can be
expressed as

∫ Vmin

Vmax

F1(V )dV =
∫ t2

t1

dt � Tdown

and the increasing period of time of V (t) is

∫ Vmax

Vmin

F2(V )dV =
∫ t3

t2

dt � Tup,

where Vmin and Vmax denote the minimum and max-
imum of V (t), respectively.

So, the expression of ISIs can be given by
integro-differential equations (1)–(3) and the follow-
ing equation

ISIs = Tdown + Tup

=
∫ Vmin

Vmax

F1(V )dV +
∫ Vmax

Vmin

F2(V )dV. (13)

Then the bifurcation phenomenon of ISIs can be
observed through numerical simulations.

As Fig. 4 shows, with fcyt = 0.0005 and
all other parameter sets to be default values, the

Fig. 4. The bifurcation diagram of ISIs without chaos. The
subgraph is the amplified image for −75 < VK < −72.

1650090-8

In
t. 

J.
 B

if
ur

ca
tio

n 
C

ha
os

 2
01

6.
26

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
O

U
T

H
 C

H
IN

A
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
C

H
N

O
L

O
G

Y
 o

n 
02

/2
3/

19
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



May 21, 2016 11:21 WSPC/S0218-1274 1650090

Bifurcation and Spike Adding Transition in Chay–Keizer Model

sequences of the action potential ISIs show a clear
period adding bifurcation phenomenon with the
perturbation of the reversal potential of the potas-
sium ion. By observing the time course of action
potentials it can be found that the conical bursting
appears at VK = −69 and there are 12 spikes per
burst. When the value of VK approximates −71.5,
the shape of the bursts transforms to a square.
Finally, the Chay–Keizer model develops a plateau
bursting pattern, and the endocrine cell achieves
resting when VK < −75.15. Moreover, the number
of spikes per burst increases without chaos contin-
uously throughout the whole process.

However, when we take the value of fcyt =
0.006, period doubling bifurcation with chaos in the
sequences of the action potential ISIs appears.

Then, the maximum and minimum of the action
potential is also considered to examine spike adding
in the Chay–Keizer model. Extremes of periodic
solution V (t) should satisfy the algebraic differen-
tial equations (1)–(3) and (6). That is




dV

dt
= − 1

Cm
[ICa + IK + IK(Ca) + IK(ATP)],

dn

dt
=

n∞(V ) − n

τn
,

dc

dt
= −fcyt(αgCam∞(V )(V − VCa) + kPMCAc),

ICa + IK + IK(Ca) + IK(ATP) = 0.

The bifurcation of extremes can also be presented
by numerical simulations. It means that the pitch-
fork bifurcation may occur in algebraic differential
equations (1)–(3) and (6).

Based on the Chay–Keizer model, the endocrine
cell begins to generate spiking at approximately
VK = −64.5. While the parameter VK decreases, the
amplitude of spikes magnifies continuously. More-
over, this can be proved by the changes of the
spikes’ maximum and minimum values as illus-
trated in Fig. 6. And then bursting arises from
VK = −66.232, and there are two spikes in a
burst at that moment. The period doubling bifur-
cation of the sequences of the action potential ISIs
can be observed clearly in Figs. 5(a) and 6. With
the increasing of the period doubling bifurcation,
a chaotic region is formed when the value of VK

is taken between −68.9 and −68.27. In addition,
the largest Lyapunov exponent of the system (1)–

(a)

(b)

Fig. 5. (a) The bifurcation diagram of ISIs with chaos and
the subgraph is the amplified image for −69.2 < VK <
−66 and (b) the variety of the largest Lyapunov exponent
with VK.

(3) is positive at this interval in Fig. 5(b). After
this region, new bursting which has three spikes
per burst can be obtained. With continued decreas-
ing of the parameter VK, the other chaotic region
is created at −73.18 < VK < −72.64. Then passing
through this chaotic region, bursting with four or
more spikes per burst arises. Finally, the cell enters
a resting state at VK < −75.156.

Differences in the number of spikes per burst
can also be illustrated by the maximum and mini-
mum of the action potential. From Fig. 6 we can see
that, when VK > −65, there is a single line in the
graph. It means that the cells maintain quiescence.
Then the spiking pattern arises in cells when the
period doubling bifurcation of the sequences of the
maximum and minimum of action potential occurs
at VK = −65. The period doubling bifurcation goes
on occurring, so the firing patterns transform from
spiking into the bursting. In addition, the number of
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(a) (b)

Fig. 6. The bifurcation diagram of extremes for spikes without chaos. The subgraph (b) is an amplified image of (a) from
−69 < VK < −64.

spikes within a burst keeps on increasing through-
out the chaotic region.

The number of spikes per burst can be trans-
formed by changing the values of other parame-
ters. For example, the bifurcation of ISIs with chaos
and without chaos can occur with changing values
of fcyt. Furthermore, the period doubling bifurca-
tion and the inverse period doubling bifurcation of
the ISIs are also observed when the value of vn

is changed, which can also give rise to the chaotic
regions and can cause the spike adding phenomenon
as shown in Figs. 7 and 8.

3.3. Influence of bi-parameter on
spike adding

In the above context, we mainly study the effect
of one parameter on spike adding in pancreatic
β-cells which are governed by the Chay–Keizer

model. In particular, the influence which is caused
by VK to the variety of the spike counts which
appear for a single burst is explored. Moreover, the
spike adding phenomenon is also observed when the
values of other parameters are changed, such as
fcyt, gK, and so on. Due to this, we consider spike
adding to be affected by modifications of the val-
ues of two parameters simultaneously. Based on the
study above, besides the parameter VK, we take the
parameter fcyt in the slow subsystem (3) and con-
sider the regular pattern of change in the number
of spikes per burst.

In Sec. 3.2, we know that, with fcyt = 0.0005
the system (1)–(3) can generate the period adding
bifurcation phenomenon without chaotic regions,
and the firing patterns are plateau and pseudo-
plateau bursting. Thus, the range of parameter fcyt

is taken as 0.0005–0.0003 to study the spike count.

(a) (b)

Fig. 7. The period doubling and period adding bifurcation diagram of fcyt versus ISIs. Subgraphs are illustrations of partial
enlargement, respectively.
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(a) (b)

Fig. 8. (a) The period doubling bifurcation and the inverse period doubling bifurcation diagram of the ISIs with changing
values of parameter vn and (b) the period doubling bifurcation and the inverse period doubling bifurcation diagram of the
maximum and minimum.

In Fig. 9, the abscissa denotes the parameter
VK whose value is taken from −75 to −69, and
the ordinate is the parameter fcyt whose value is
taken from 0.0005 to 0.003. In addition, colorful belt
areas in the plane indicate the number of spikes in
a burst. Observing this diagram, we can discover
that the number of spikes per burst decreases con-
sciously as the values of bi-parameters increase. Fur-
thermore, by solving the system (1)–(3), the rules
behind the variety of bursting in the model can be
discussed.

The bursting with high frequency square-waves
as Fig. 1(b) shows can be generated by the Chay–
Keizer model in the purple and orange parts of

Fig. 9. Spike-counting diagram without chaos by changing
values of bi-parameters. The color-coded bar in the right col-
umn shows the number of spikes within a burst. Regular
bursting is expressed by the numbers 6–54.

the diagram, and the firing pattern of the model
is plateau bursting. Moreover, the number of spikes
in a series bursts is more than 35. In the red and
pink parts in the figure, the shape of the burst-
ing transitions to the tapered bursting is shown.
Specifically, with the increase in time, the minimum
number of spikes per burst basically remains the
same, and their maximum decreases constantly. In
the green parts of the figure, the shape of the burst-
ing pattern is again conical. At this moment, their
maximum goes on decreasing, and their minimum
increases. The series of bursts, whose number of

Fig. 10. Spike-counting diagram with chaos by changing val-
ues of bi-parameters. The number of spikes within a burst
is also shown by the color-coded bar in the right column.
The number 1 denotes tonic-spiking; the numbers 2–17 rep-
resent regular bursting, while the number 18 indicates chaotic
bursting.
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spikes is less than 20, keeps the square-shape around
pale green parts in the diagram, and transforms to
the tapered bursting eventually (blue parts). The
pseudo-plateau bursting as in Fig. 1(d) is generated
from the green to the blue area.

Then we keep the value range of parameter
VK, and take the value range of fcyt from 0.006
to 0.12 (spike adding without chaotic region can
arise between 0.003 and 0.006). The firing pattern
becomes pseudo-plateau bursting. In addition, by
enhancing the values of the bi-parameters, the num-
ber of spikes in one burst can change. We can clearly
observe two chaotic regions in Fig. 10. And the
spike adding phenomenon can occur throughout the
chaotic regions which are divided into several parts
by the pink and green curves which denote the
periodic solutions (bursting).

4. Discussion

Based on the Chay–Keizer model, the spike adding
phenomena of the mix-mode oscillation in a
dynamic system are considered in this paper. An
abundant variety of the bursting phenomena is
observed through numerical simulations. And the
rich kinetic properties of the system are discussed.

The parameters which affect the types of burst-
ing are discussed based on the fast–slow dynami-
cal bifurcation analysis. The process from tapered
bursting to square-wave bursting is explained with
the transition of the bifurcation of equilibria. Local
representations of the bifurcation curves in a small
neighborhood of the Bogdanov–Takens bifurcation
are explored. Then the number of spikes per burst
is examined. VK is taken as the varying parame-
ter. By analyzing the ISIs sequence, maximum and
minimum of the action potential, and two types of
the spike adding phenomenon — with chaos and
without chaos — are explored. In addition, these
results can also be obtained by changing the val-
ues of other parameters, such as fcyt, vn, and so on.
Finally, the spike adding phenomenon is considered
again by changing values of bi-parameters. Expres-
sions of ISIs sequence, maximum and minimum of
the action potential are provided. Analogous to the
single parameter, chaotic regions are also generated
for the dynamic system. Furthermore, the spike
count per burst is described initially in this case. It
is notable that the technique described herein can
also be applied to some other biological models such
as the Rose–Hindmarsh model [Ma & Feng, 2009,
2011].
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