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Abstract The changing of wave stucture in excitabk media in external fiell is sudied
and the cuwalre relation of wave front is analyzed Under exernal stinulus the nomal
ve beity of wave front has linear e htion w ih m ean cuwvature of w ave front plane velocity
and extemal field The smulationm ethods have been used b analyze Bar E isv irthm odel
wih extemal field and obtain he wave pattem of excitabk media contained extemal
stmulis These theo retical analysis and sinuhtion results are identical with experm ents
of BZ waction So the mesults her theortically exphin the BZ phenanenon under

external fied and the smulation results here have rich wave pattems
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Introduction

The studies of excitable media concem with BZ reaction slne mold aggregation and

cardiac tissue "

. The properties of these media are for an all pertuibations them edia quick ly
recover to their rest states while for stmuli exceeding a threshold them edia will be activated
and remain in excited states for a long period In excitable media wesearch it is canmonly
accepted that cawdiac fibrillation is caused to excitable natre of cardiac tissud”. A n opinion
is that action potential of cadiac cell is able to fom spiral pattems and breakups which w ill
affect the thytm ofheart and evoke cadiac fibrillation. If cardiac fbrillation is not treated in
tme a person will die in several minutes As it is concemed with human life direct
experiments on cardiac tissue awre difficult Instead BZ rwreaction serves as an analogue for the
understand ing of cardiac tissue since both BZ reaction magents and cardiac tissue are
excitable while BZ reaction ismuch tractable for experm ents
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The known wave pattemns of BZ experments and slime mold aggregation nclhide spimls
double spirals super spirals and multi spirals in the planarmedia >. In sane sination the
tip of the spiralmeanders and the loci of these meandering reveal wisted spiral chan or petal
shapd . Patterns fom ed in spatialmedia aremore plentiful which includes ring scollwava
wisted scwoll and stair scroll waves However it is difficult for obsewation due to the
lin itation of planar representation of spatial patlerns Furhemore the mntemction of the
spatialw aves m akes the description of these patterns difficult aswell Sinulation results show
that there are spirals and their breakups in planar media and scroll waves wih the wisted
knotted and linked o1gan ization centerd ? in spatialmedia ForBZ raction the dynam icm odel

can be smplified as the follav ng equations * ;

_%; = eViute fluv) —3[ = e Vv tg(u v) (1)

where u denotes fast variable and v denotes show variable € is the small pamam eter and
denotes the ratio of the diffision coefficient Different reaction tem sﬂu, V) g(u V) express
different dynanic model but they all possess canmon pwperties of excitable media the
nulline of fwhere flus v) = Ohave hreebranchesu =u_ (v), u= uo(v) andu =u, (v) and
the nulllne of g is whewe g(% v) = 0 changes monotonously The intersection of these o
lines locates onu = u_ (v), te left branch of A v) = Q0 The excited state of the media
exists in certain egion of the space whemwe it has wo surfaces as the boundaries W e use fast
variable u to describe the sitation when the boundaly surface™ jmps fian west state u =
u_(v) to excited stateu =u, (v) which is called wave front The situationwhen the boundary
surface recovers fran excited stateu = u. (v) to west stateu = u_(v) is caledwave back. The
intersection ofw ave front and wave back can be abstracted as a spatial curve which is called
owganiztion center u changes slwly near the tangent plane of the wave fiont and changes
rapidly n the nomal direction while the change of the slow variablev is not as obvious

BZ reaction can produce rich wave patierns which are affected by many factors including
extemnal stmulus periodic mpelling mediaunifom ity and boundary. The known BZ reaction
shows hatwhen electric field is applied to the BZ reagent tewavewill slowly move towvaud
the anodé”'. In the direction perpendicular to the electrical field the spiralw ill evolve apart
If a periodic electric fied is applied tewr appear the structures of super spirals with big
spiral andm any small spiralw aves . W hen ntensive lights are applied the snall waves or
breakup spiral waves pwoduced by the reagents forn labyrinthian standing patterns If the
frequency of the extemal light are changed resonance with spiral wave may esult®”.
Tenperature field also affects the wave stucture W hen tem perature changes various twisted
scoll waves and wisted organization centers are fomed In temperature field the plane
generated by organization center of scwll wave will move slowly and finally becane
pempendicular o he temperauire gradient field . Besides extemal field the shape of the
boundaries anisotropic nature of the media and others are also considered as sources of
external stinulus

M ost of the recent BZ experments study the influence of extemal stmulis to he BZ
reactions However few of then include theoretic analysis and numerical sinulation results

Here in this paper perturbationmethod is used to obtain theowetically the wave front cuwature
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relation of excitable media in external fiell Then smulations on the Bar Eisvirth excitable

model® ' aw carried out and the obsewed wave changes n extemal fiell are showed

2 Pertutbation ofM odel

The influence of extemal field to excitable media is complicated Different heoretic
models describe the influence in differentways The effects of external field to BZ eaction is
by modifying the rate of change of reagent concentration and can be expressed by the change of
reaction tem. For fixed external field it is descrbed by the follow ing Steinbock model”

;?J:EvquF&'lﬂuv)JrM ?lJrM ?4+M 1’

;j "9 (2)
5 et Vivtg(u v

where he vectotM = (M, M, M,} denotes the effects of external fied to the whole model
For sinplicity we only consider case of wo dimensions W ith hemethod in Ref [ 3], one
can establish m oving coordinate systan in he boundaries of wave fronts Let cuwe I'denote
wave font sdenotes the arc length fran wave tip to the point of wave fiont I and  denotes
the nomal distance fum the point (% y) in he neighborw ave font to I' A local orthogonal
moving coordinate systm (% s) n the neighbothood of wave front is established For any
manent ¢ the point (% y) in the neghbothood of wave front can be described in local
coordinate systam (% s) n the boundary and the wave front setl’ is denoted by point set { (%
y): (% % t) = 0). W ihout loss of generality we choose |Vr|[=1and Vir Vs= 0
Suppose te transfom ation between moving coord inate and original coordinate is

T={ r=mnxy 1), s=s(x% » 1)
The transfom ation relations of these 1w0 coordinate systans are

d d d d d

3 +r, }—Fs, % TBC:I;_aﬁ_’_Sx_’

d a

&Z*rz—}2+sx 72+r @ S %+2FS T

V2 :—+‘ Vs |? —+V2r—7r+vz J

In moving coordinate system, Eq 2) schanged nto
(Z; %r-’-as] = VS|2+_3;V27"+_2{ ]
JFSMI[r + s, QJFSM[ %+%_§+ﬂ% v)s (3)
a a c c
s = #[—W v s|2+—§ivzr+—§V2} )

In the neighbothood of wave front the fast variable 4 changes too rapidly in the nomal
direction for observation For easier observation the unit along nom al direction is scaled up
asy = eR Hence the approxination of Eq (3) in orderQ(¢’) is
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3 Ie
U (€T M, M rt)%l+ﬂu V=0

R2
A (4)
5?3 t (Rz’

where V7 indicates hem ean curvature ofwave front surface In order to analyze he effects of
bending the tem € V7?7 is preserved In the second tem of Eq (4) v =y, is set o a
constant in the neighborhood Equation (4) can be further sinplified as follow s

a c

ﬁ+(av2r+M1rx+Mzg,—r,)%+f(uv0)O (5)
ForEq (5). the dman of variableR is (=% —+<°). On boh sides of wave fiont in the
nomal direction variableu jmp greatly fram u_ (v ) tou, (v, ). W ith he poperty of one
dmensional reaction diffusion equation we know

S

R> -0 R>-Heo
Multplying(—% on both sides of Eq (5) and integral the variableR fram — ©© to +°o Pay

attention he lmits condition we obtan

r,=eVirtM r. +M,r, T (6)
(\{))
(v)f(“ Vo) du
where ¢ =—— E denotes the velocity of the planew ave and 7( #) denotes the nom al
IEE

distance fran point (% y) in the neighbothood ofw ave front to the wave front surface In Eq

(6) r, denotes he nom al velocity ofwave fronts Vi expresses the effect ofm ean cuwature of
wave font M, r, M,r, denote the influence of extemal field to nomal velocity The relation
(6) is the linear equation of nom al vebecity ofw ave front to the mean cuwature ofwave foont
and external field Let vectorM = (M, M, }, 0 denote the angle between nom al wave font
and external fieldM andK denote the mean cuwature of wave fiont Equation (6) can be

rew ritten as follow s
N =K tMcofd+¢ (7)
whereM = [M | = li\jlf +M; .

S ilar to the planar case we can obtain the spatial curvaure relation It expresses the
linear relation between nomal velocity of wave front and the stmulus of extemal field Fran
Eq (7)  the follow ing conclision can be obtained Under the inflience of extemal field the
nomal vebcity of wave front is affected by wo factors One ismean curvature of wave font
and the other is extemal field They explain the known BZ experments esuliswell

For spiralwave te magnitude of velocity is affected by the absolute valie of extemal
field the angle bew een extemal field and the wave front W hen 0 = O the nom al direction
ofwave front is the sane as extemal field while the nomal velocity ofwave front eaches its
maxmum. W hen 6 = x, nomal direction is mverse to the extemal fied while the nomal
vebeity is at ism nimum. In external electrical field the spiral reaches itsmaxmum velocity

in the direction of extemal field andm inmum in the opposite direction A's the nom al velocity
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reaches ismaxmum n electrical direction the whole wave willm ove toward this direction
This is consistent w ih BZ experimentd”.

For scrollwave waveswith ring organization center are considered in stead W hen the
scollwave is influenced by the extemal fied te coordinal velocity ofw ave frontw ill reach is
maximum. The whole scrollwave willmove toward the direction of extemal fied During the
moving it can be seen fim Eq (7) that the moving speed on thewave is different Forw ave
in the center of he organization onl when extemal field is pependicular to the plane
contaning the centes velocities in differentdirections can reach their balance That is stable
states of the scrollwave The results here explan the BZ experi ents in tem perature fiel'¥ .
For spiral breakup in the direction of external field the wave velocily will increase and the

resulis here explan the moving phenanena of b reakup w ave aswell
3 Numerical Results of Extemal F ield

The changing of the waves pattem generated by BZ experments is affected by m any
factors includ ng external field anisotwopic nature ofmedia and he shape of boundaries Since
the model is nonlneay theoretic analysis is difficult Sane researchers used sectional
functions to m odel the anisotropic naure of the media and the pwperties of boundary H ere
sinulation is used to analyze the effects of external field on BarE isvirth model®'. The
diffusion tem is approxmated with Euler mplicit grid method and the reaction diffusion
sinulates the operator splitting method '”. Rectangular boundaty condition is app lied

a’t—svz +E'lu(1—u)[u VJF% +M, thrM
;’ K] (8)
i et Viv+u — v

The smulation of the model (8) carried out on EZSPITAL which mns in L nux system if
the m odel is not affected by extemal fiell Here the modified m odel mns in windows system
and external stinuli are also consderd Because of nonlinear nature of he pwblem m any
factorsmay affect he smulation results The smulation uses 5 points difference method to
approxmate the diffision tem and the area is fixed in a square of 80X 80. O ther paraneters
ara=075b=008 ¢ =180 0=1E -4 *“=0Q respectively For each direction we
choose 242 pointswith a simulation tine step of @ 8 The sinulation result is showed below
according to variablev

In Fg 1 itcan be seen that the system foms spiral wave without disturhance and the
spiral wave will move and finally disappear wih application of extemal stmulis These
numerical results ar consistent with both the heoretical analysis in Section 2 and BZ
experinents in literatures However the numerical resulis w ith extemal stin ulus are more vivid
than the theowretical analysis If paraneter is set to € = 1 20 and other paraneters ram ain
unchanged the undisturbed pattemswould show spiml stmcture just as Fig 1. The disturbed
pattems reveal spiral breakup and these breakupw aves contan rich patiems during long pe riod
of smulation as illustrated in Fig 2
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Fig 1  The picures n the fist line corespond © the undisiibed wave The

pictures in the second line correspond b the disturbed pictures with
coefficientsM | = LM, = Q The manent of sampling for the sinulation

are 1= 20 30 40 50 60 s rwspectively The hird line shows the gradual

disappearance of the wave after distuthance

Fig 2 The smulation tine aret= 1713 1720 1723 1730 1737 s Afer bng
period of sinulatbn the stctures becane stab kb

M any factors can affect he wave pattemns of excitable media If the parameters n Fig 2
remain unchanged while the number of the ponts n each direction is set to 121, the esuling
pattems are different as illustrated in Fig 3

It can be seen that changing the number of points in each directionwill result in changing
of he wave pattems This ismanly due to the effects of anisotropic nature of themedia or
boundaly conditon W hen the nunber of points in each direction is densex the effects of
anisotopic property or boundary condition becan e less observed On the contrarg when the
number of points is sparss the effects can be easily observed and various breakup w ave
pattemswoull fom. This phenanenon is also obsewable in many known BZ experiments
Hovever the theoretic analysis of this phenan enon is rather difficult

Ih Fgs 1 -3 the diffusion tem is caleulated with 5 point Laplacian Hovever with 9-
point Laplacian another kind of spiralw aves results The orignal spiralw ave will disappear
after a certain period of smulation Fieumwe 4 is obtained by setting the square to 80><8Q the
number of points to 242 tme step to 0 8 and other parameters oa =0 75 b =0 06 & =
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114 0=1E-4 »+=0

Ih Fg 4 the undisibed waves are spiralwaves and their tps show m eandering W hen
the external stmulus appears the waves firstbreak up and then disappear Camparing Fig 1
and Fig 4 it seans that there is a type of spiralwave that will disappear under the inflience
of extemal field The conditions of such disappearance need further suudies One possible

conditionm ay be that if the w ave keeps evolving for a long period under extemal stmulis it
must be breakup wave

Fig 3 The pictures in fist line correspond b undisturbed wave pattem and the
man ent of san pling are = 30 40 50 60 70 s respectivel. The second
line are distutbed pictures wih coefficientsM, = LM, = 0 and hey are

sampled at7= 100 110 130 140 200 s respectvely

Fig 4 Picuwres n the first line show undistuibed spiral waves and the sampling
maments are t = 80 120 150 1221 1242 s respectively Picures in he
second lne are distitbed waves with coefficientsM, = L M, = Q The

breakup wave gradually disappears as is show ed in mament t = 30Q 40 50
60 70 s

If 5 point Laplacian is adopted in a square of 80X 80 with 242 points in each direction
otherparameters area =0 75 b=00L ¢ =142 0=1E -4 =0 and tine step is
0. 8 the wave will soon disappear when there is no extemal stmulus or spiral breakup w ill

appear The wsult is shown i Fig 5.
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Fig 5 The sanpling manents are ¢t = 152 446 511 514 1314 s with
coeflicients areM , = 1 M, = Q Thew ave patierns breakup wave which

moves for bng period but the wave will disappear when the extemal
stinulis is absent

Fran the above numerical results it can be seen that he external stmuliswill obviously
influence the wave pattem A s the changing of nomal vebecity the most obviously effects of
external stmulus are the globalmoving of whole spiral pattern  In extemal fied and with the
influence of other factors there occurs the shape transfom ation betveen spiralwave and spiral
w ave breakup and the disappearance of the spiralwave W hen spiralwave appears n extemal
stmulus itwill disappear eventually as the moving of spiralwave Only the breakup w ave
pattem can ramain for a long period In the sense of pattemn preservation breakup w ave is
stable H owever the change of spiral wave is not the ®sult of a single factor and a thowugh
analysis of change of the wave pattem is still difficult

4 Conclisions

In his paper we analyze the inflience of external fiel to the wave stmcture of excitable
media The theoretical analysis describes the curvature relation of wave front surface in
excitablemedia The nom al velocity of wave front has linear relation with m ean curvaium
plane velocity and external fied This relation reveals that the nomal velocity of wave font
will increase n the direction of extemal fiell It gives an explanation to the BZ experments
resu lting under tanpemture field or electric field The smulation esulis here show rich spiral
wave pattems In external field one can see themovem ent of thewholew ave pattem aswell
This is consistent w ith theoretic analysis and BZ experments phenanena Smulation esults
indicate that the spimlwave canmove in extemal fied when thewr isno external stmulis The
moving spiral can disappear mm ediately or rem ain breakup for a long period The breakup
results reveal the ntemction of multi spiral stripe stand wave water labyrnthian wave and
island connection wave patteml ' ?. For spiral breakup or wave pattems which disappear
rapidly rich pattems result in external stin ulus aswell

By exam ining the change of wave one can fnd that wave pattem tansfom ation in
excitable media is notonk the effectof extemal field butalso the resultof interaction of m any
factors In particulay the boundary shape and the anisotropic naure of the media is also the
source for nev w ave pattems Due to he canplexity of theoreticmodel the analysis in this
paperdid not cover external periodic stmulus anisotropic media and boundaty shape other

than rectangle R ather they are left as furture studies
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