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Abstract:The changing of wave structure in excitable m edia in external fie ld is s tudied

and the curvature relation of wave front is ana lyzed. Under ex ternal stimu lus the normal

ve locity of wave front has linear re lation w ith m ean curvature ofw ave front, plane velocity

and externa l field. The s imulationm ethods have been used to ana lyze Bar-E isw irthm odel
w ith external field and obtain the wave pattern of excitable m edia contained external

s timulus. These theo retical analysis and sim ula tion results are identical w ith experim ents

of BZ reaction. So the results here theore tica lly explain the BZ phenom enon under

external field and the s imulation results here have rich wave patterns.
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Introduction

The stud ies of excitab le m ed ia concern w ith BZ reaction, slim e mold aggregation and

cardiac tissue[ 1] . The properties of these media are:for sm all pertu rbations them ed ia qu ick ly
recover to their rest sta tes, wh ile for stimu li exceeding a th reshold them ed ia w ill be activated
and remain in excited sta tes for a long period. In excitable media research, it is comm on ly
accepted that card iac fibrilla tion is caused to excitab le natu re of card iac tissue[ 2] . A n opinion

is that action potential o f card iac cell is ab le to form spira l patterns and breakups wh ich w ill

a ffect the rhythm of heart and evoke card iac fibrilla tion. If card iac fib rillation is not trea ted in

tim e, a person w ill die in severa l m inu tes. A s it is concerned w ith hum an life, direct

experim en ts on cardiac tissue are difficul.t Instead, BZ reaction serves as an analogue for the

understand ing of card iac tissue, since both BZ reaction reagen ts and card iac tissue are

excitable wh ile BZ reaction ismuch tractab le for experim en ts.
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　　The known wave patterns of BZ experiments and slim e mold aggregation include sp ira ls,
doub le sp irals, super-sp irals and mu lti-sp irals in the p lanarm ed ia[ 2] . In som e situation, the
tip of the spira lmeanders and the loci of these meandering reveal tw isted sp iral chain or peta l

shape[ 3] . Patterns form ed in spatialmedia aremore p len tiful, wh ich includes ring scro llwave,
tw isted scro ll and stair scro ll waves. H owever, it is difficult for observation due to the

lim itation of planar represen tation of spatia l patterns. Furthermore, the in teraction of the

spatia lw avesm akes the descrip tion of these patterns d iff icu lt asw el.l S imu lation resu lts show

that there are spira ls and their b reakups in planar media and scro ll waves w ith the tw isted,
knotted and linked organ ization centers[ 2] in spatialmedia. ForBZ reaction the dynam icm odel

can be simp lified as the fo llow ing equations
[ 4] :

 u
 t
=ε 2u +ε-1 f(u , v), 　  v

 t
=εμ 2v +g(u , v), (1)

where u denotes fast variab le and v denotes show variab le. εis the sm all param eter and μ
denotes the ratio of the d iffu sion coefficien.t D ifferen t reaction term s f(u , v), g(u , v) express
differen t dynam ic model, bu t they all possess comm on p roperties o f excitab le media: the

nu lline of fwhere f(u , v) =0have th ree b ranchesu =u
-
(v), u =u

0
(v) andu =u+(v) and

the nu llline of g is where g(u , v) =0 changes monotonou sly. The intersection of these two

lines locates onu =u- (v), the le ft b ranch of f(u , v) =0. The excited sta te o f the m ed ia

exists in certa in region of the space where it has two su rfaces as the boundaries. W e use fast

variab le u to describe the situation when the boundary surface π jumps from rest sta te u =
u- (v) to excited stateu =u+(v)which is called wave fron .t The situationwhen the boundary
surface recovers from excited stateu =u+(v) to rest stateu =u

-
(v) is ca lledwave back. The

intersection ofw ave front and wave back can be abstracted as a spatia l cu rve which is called

organiza tion cen ter. u changes slow ly near the tangen t plane of the w ave front and changes

rap id ly in the normal direction while the change of the slow variab lev is not as obvious.

BZ reaction can produce rich wave patterns, which are affected by many factors including
external stimu lus, period ic impelling, media uniform ity and boundary. The known BZ reaction
shows thatwhen electric fie ld is app lied to the BZ reagent, the wave w ill slow ly move toward
the anode[ 5] . In the direction perpendicu lar to the electrical fie ld, the spira lw ill evolve apar.t
If a period ic electric fie ld is app lied , there appear the structures of super-sp ira ls w ith b ig
spira l andm any sm all spira lw aves[ 6] . W hen in tensive ligh ts are applied, the sm all waves or
breakup spira l waves p roduced by the reagen ts form labyrin thian standing patterns. If the

frequency of the external ligh t are changed, resonance w ith sp iral wave may resu lt[ 6, 7] .

Temperatu re fie ld also affects the wave structu re. W hen tem perature changes, variou s tw isted
scro ll waves and tw isted organ iza tion cen ters are form ed. In tem perature fie ld the p lane

generated by organ ization center o f scro ll w ave w ill move slow ly and finally becom e

perpendicu lar to the temperatu re grad ient fie ld[ 8] . Besides external fie ld, the shape of the

boundaries, aniso trop ic natu re of the media and others are also con sidered as sou rces of

external stimu lus.

M ost o f the recent BZ experiments study the influence of external stimu lu s to the BZ

reactions. How ever, few of them include theore tic analysis and numerical simu lation resu lts.

H ere in this paper, perturbationmethod is used to obtain theore tica lly the wave front cu rvature
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rela tion of excitab le m ed ia in external fie ld. Then sim ulations on the Bar-Eisw irth excitab le

m odel[ 9, 10] are carried ou t and the ob served wave changes in external fie ld are showed.

2　Perturbation o fMode l

The in fluence of external fie ld to excitab le media is complica ted. D ifferen t theore tic

m odels describe the influence in d ifferent ways. The effec ts of ex ternal fie ld to BZ reaction is

by m od ify ing the rate o f change of reagent concentra tion and can be expressed by the change of

reaction term. For fixed external fie ld , it is described by the fo llow ing S te inbock model[ 7]:
 u
 t
=ε 2u +ε-1 f(u , v) +M

1

 u
 x
+M

2

 u
 y
+M

3

 u
 z
,

 v
 t
=εμ 2v +g(u , v),

(2)

where the vectorM ={M 1 ,M 2 ,M3}denotes the effects o f ex ternal fie ld to the whole mode.l

For sim plicity, we on ly consider case of two d imensions. W ith the m ethod in Re.f [ 3] , one
can estab lish m oving coordinate system in the boundaries of w ave fron ts. Let cu rveΓdenote
w ave front, s denotes the arc length from wave tip to the poin t of wave frontΓ, and r denotes
the normal distance from the point(x, y) in the neighborw ave front toΓ. A local orthogonal

m oving coordinate system (r, s) in the neighborhood of wave front is estab lished. For any

m oment t, the poin t (x, y) in the neighborhood of wave fron t can be described in local

coordinate system (r, s) in the boundary and the wave front setГis denoted by point set:{(x,
y):r(x, y, t) =0}. W ithou t loss o f genera lity, w e choose | r|=1 and  r  s = 0.

Suppose the transform ation between moving coord inate and orig inal coordinate is:
τ= t, 　r =r(x, y, t), 　 s =s(x, y , t).

The transform ation re lations of these two coordinate system s are

 
 t
= 
 τ
+rt

 
 r
+st
 
 s
, 　  

 x
=rx

 
 r
+sx

 
 s
,

 2

 x2
=r2x

 2

 r2
+s2x

 2

 s2
+rxx

 
 r
+sxx

 
 s
+2rx sx

 2

 r s
,

 2 = 
2

 r2
+| s|2  

2

 s2
+ 2r

 
 r
+ 2 s

 
 s
.

In moving coordinate system , Eq. (2) is changed into

ε u
 τ
+ u
 r

rt +
 u
 s
st =ε

2  2u
 r2
+
 2u
 s2
| s|2 +

 u
 r
 2

r +
 u
 s
 2

s

　　 +εM
1 r

x

 u
 r
+s

x

 u
 s
+εM

2 r
y

 u
 r
+s

y

 u
 y
+f(u , v),

 v
 τ
+
 v
 r

rt +
 v
 s

st =εμ
 2 v
 r2
+ 

2v

 s2
| s|2 + v

 r
 2 r + v

 s
 2 s +g(u , v).

(3)

In the neighborhood of wave fron t, the fast variab le u changes too rapid ly in the norm al

direction for observation. For easier ob servation, the unit a long norm al direction is scaled up

as r =εR. H ence the approximation of Eq. (3) in orderO(ε0) is
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 2 u
 R 2
+(ε 2r +M

1
r
x
+M

2
r
y
- r

t
) u
 R
+f(u , v) =0,

 v
 R

r
t
=μ 

2 v

 R 2
,

(4)

where 2 r indicates them ean cu rvature ofwave front su rface. In order to analyze the effects of

bend ing, the term ε 2r is preserved. In the second term of Eq. (4), v =v
0
is se t to a

constan t in the neighborhood. Equation (4) can be further simp lified as fo llow s:
 2 u
 R 2
+(ε 2r +M1rx +M2 ry - rt )

 u
 R
+f(u , v0) =0. (5)

For Eq. (5), the dom ain of variab leR is (- ∞, +∞). On both sides of w ave fron t in the

normal direction variab leu jump greatly from u- (v0) to u+ (v0). W ith the p roperty o f one-
dimen sional reaction d iffusion equation we know

lim
R→-∞

 u
 R
=0 , 　 l im

R→+∞

 u
 R
=0.

M u ltip ly ing
 u
 R

on both sides of Eq. (5) and in tegra l the variab leR from - ∞ to +∞. Pay

atten tion the lim its cond ition we ob ta in

r
t
=ε 2 r +M

1
r
x
+M

2
r
y
+c, (6)

where c =
∫
u+(v0)

u- (v0)
f(u , v0)du

∫
+∞

-∞

 u
 R

2

dR

denotes the velocity o f the p lanew ave and r(t)denotes the norm al

distance from point(x, y) in the neighborhood ofw ave fron t to the wave fron t su rface. In Eq.

(6) rt denotes the norm al velocity o fwave fronts,  
2r exp resses the effec t o fm ean cu rvature of

w ave fron.t M
1
r
x
,M

2
r
y
denote the influence of external fie ld to normal velocity. The re lation

(6) is the linear equation of norm al velocity o fw ave fron t to the mean cu rvature ofwave fron t

and external fie ld. Let vectorM ={M1 ,M2}, θdenote the angle between norm al wave fron t
and external fie ldM andK denote the mean cu rvature of wave fron.t Equation (6) can be

rew ritten as fo llow s:
N =εK +M cosθ+c, (7)

whereM =|M |= M
2

1 +M
2

2 .

S im ilar to the planar case, we can ob ta in the spatia l curvatu re re la tion. It exp resses the

linear re lation between normal velocity o f wave front and the stimulus of external fie ld. From

Eq. (7), the fo llow ing conclusion can be obta ined. Under the influence of external fie ld, the
normal velocity of wave fron t is a ffec ted by two factors. O ne ismean curvatu re of wave fron t

and the other is external fie ld. They expla in the known BZ experim en ts resu lts wel.l

For spira lw ave, the magn itude of velocity is affected by the absolute value of external

fie ld, the angle betw een external fie ld and the wave fron.t W henθ=0 , the norm al direction
ofwave fron t is the same as external field, wh ile the norm al velocity o fwave fron t reaches its
m aximum. W hen θ=π, normal d irection is inverse to the external fie ld wh ile the norm al

velocity is at itsm in imum. In external e lectrica l fie ld, the sp iral reaches itsmaximum velocity

in the d irection of external fie ld andm in imum in the opposite direc tion. A s the norm al velocity
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reaches itsm aximum in electrica l direction, the whole wave w illm ove toward this d irection.

This is consistent w ith BZ experiments[ 5] .

For scro llw ave, waves w ith ring organ iza tion center are considered in stead. When the

scro ll wave is influenced by the external fie ld , the coordinal velocity ofw ave fron tw ill reach is
m aximum. The whole scro llwave w illmove toward the d irection of external fie ld. Du ring the

m oving, it can be seen from Eq. (7) that the moving speed on thewave is d ifferen.t Forw ave
in the cen ter o f the organiza tion , on ly when external fie ld is perpend icu lar to the p lane

con ta in ing the cen ter, velocities in differen t d irections can reach their balance. That is stab le

sta tes o f the scro llwave. The resu lts here exp la in the BZ experim ents in tem perature fie ld[ 8] .

For spira l b reakup, in the d irection of external field, the wave velocity w ill increase and the
resu lts here exp la in the moving phenomena of b reakup w ave as wel.l

3　NumericalResults of External F ield

The changing of the waves pattern generated by BZ experim en ts is affec ted by m any

factors includ ing external fie ld, an iso tropic natu re ofmedia and the shape of boundaries. S ince

the m odel is non linear, theore tic analysis is d iff icu l.t Som e researchers used sectional

functions to m odel the an isotropic natu re of the m ed ia and the p roperties o f boundary. H ere

simu lation is used to analyze the effec ts o f ex ternal field on Bar-E isw irth model[ 8, 10] . The

diffusion term is app roxim ated w ith Eu ler imp licit grid method and the reaction diffusion

simu lates the opera tor splitting method[ 10] . Rectangu lar boundary condition is app lied.

 u
 t
=ε 2 u +ε-1u(1 - u) u -

v +b
a
+M1

 u
 x
+M2

 u
 y
,

 v
 t
=εμ 2 v +u3 - v.

(8)

　　The simu lation of the model(8) carried ou t on EZSP ITAL which runs in L inux system if

the m odel is not affec ted by external fie ld. Here the mod ified m odel runs in w indows system

and external stimuli are also considered. Because of non linear nature of the p rob lem , m any
factorsm ay affec t the simu lation results. The simu lation uses 5 poin ts difference m ethod to

approximate the d iffu sion term and the area is fixed in a square of 80×80. O ther parameters
are a =0. 75, b =0. 08, ε=1 /80, δ=1E - 4 , μ=0, respective ly. For each direction we

choose 242 points w ith a sim ulation time step of 0. 8. The simu lation resu lt is showed below

accord ing to variab lev.

In F ig. 1, i t can be seen that the system form s spira l wave w ithout disturbance and the

spira l wave w ill move and finally disappear w ith app lication of external stimu lus. These

numerical results are consisten t w ith both the theore tical analysis in Section 2 and BZ

experim en ts in literatures. However the numerical resu lts w ith external stim ulus are more viv id

than the theore tica l analysis. If parameter is set to ε=1 /20 and other parameters rem ain

unchanged, the und isturbed patterns wou ld show sp ira l structu re just as Fig. 1. The disturbed

patterns reveal spira l breakup and these breakupw aves con ta in rich patterns du ring long period

of simu lation as illustra ted in F ig. 2.
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Fig. 1　The pictures in the firs t line correspond to the undis turbed w ave. The

pictures in the second line correspond to the disturbed pictures w ith

coefficientsM 1 =1,M 2 =0. The mom ent o f sampling for the simulation

are t =20, 30, 40, 50, 60 s, respective ly. The third line shows the gradual

disappearance of the wave after disturbance

Fig. 2　The sim ulation time are t =1 713, 1 720, 1 727, 1 730, 1 737 s. A fte r long

period of simulation, the structures become s tab le

　　M any factors can affec t the wave patterns of excitab le media. If the parameters in F ig. 2

remain unchanged while the number of the poin ts in each d irection is set to 121 , the resu lting
patterns are d ifferent as illustra ted in F ig. 3.

　　 It can be seen that changing the number of points in each d irectionw ill resu lt in changing

of the wave patterns. Th is ism ain ly due to the effects o f anisotrop ic natu re of the m ed ia or

boundary conditon. W hen the num ber of points in each direction is denser, the effects of

an iso trop ic property or boundary condition becom e less observed. On the con trary, when the
number of points is sparse, the effects can be easily observed and various b reakup w ave

patterns wou ld form. This phenom enon is a lso observable in many known BZ experiments.

H owever, the theoretic analysis of th is phenom enon is rather d ifficul.t

In F igs. 1 - 3, the diffusion term is calcu lated w ith 5-point Laplacian. H owever, w ith 9-
point Laplacian, another k ind of spira lw aves resu lts. The orig inal spira lw ave w ill d isappear

a fter a certain period of simu lation. F igu re 4 is ob tained by setting the square to 80×80, the
number of poin ts to 242, time step to 0. 8 and other parameters toa =0. 75, b =0. 06 , ε=
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1 /14, δ=1E - 4, μ=0.
In F ig. 4, the undistu rbed waves are spira lwaves and their tips show m eandering. W hen

the external stimu lus appears, the waves first b reak up and then d isappear. Comparing F ig. 1
and F ig. 4, it seem s that there is a type of spira lwave that w ill d isappear under the influence
of external fie ld. The cond itions of such disappearance need further studies. O ne possib le

conditionm ay be that if the w ave keeps evolv ing for a long period under external stimu lus, it
must be breakup wave.

Fig. 3　The pictures in firs t line correspond to undisturbed wave pattern and the

mom ent of sam pling are t =30, 40, 50, 60, 70 s, respectively. The second

line are disturbed pictures w ith coefficientsM 1 =1,M 2 =0 and they are

sampled at t =100, 110, 130, 140, 200 s, respectively

Fig. 4　Pictures in the first line show undisturbed spiral waves and the sampling

moments are t =80, 120, 150, 1 221, 1 242 s, respectively. P ictures in the

second line are disturbed waves w ith coefficientsM1 =1, M2 =0. The

breakup wave g radually disappears as is show ed in moment t =30, 40, 50,
60, 70 s

　　 If 5-poin t Lap lacian is adopted in a square of 80×80 w ith 242 points in each d irection,
other parameters area =0. 75, b =0. 01, ε=1 /12, δ=1E - 4, μ=0 and tim e step is

0. 8, the wave w ill soon disappear when there is no external stimulus or sp iral breakup w ill

appear. The resu lt is shown in Fig. 5.
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Fig. 5 　 The sam pling m om ents are t =152, 446, 511, 514, 1 314 s w ith

coefficients areM 1 =1, M 2 =0. Thew ave patterns breakup wavewhich

moves for long period, but the wave w ill disappear when the ex ternal

stimulus is absent

　　F rom the above numerical results, it can be seen that the external stimu lu sw ill obviously
influence the wave pattern. A s the changing of normal velocity, the most obviously effects of
external stimu lus are the globalmoving of whole spira l pattern. In external fie ld and w ith the

influence of other fac tors there occu rs the shape transform ation between spira lwave and spira l

w ave b reakup and the disappearance of the spira lwave. W hen spira lwave appears in external

stimu lus, itw ill disappear eventually as the moving of spira l wave. O nly the b reakup w ave

pattern can rem ain for a long period. In the sense of pattern preservation, b reakup w ave is
stab le. H owever the change of spira l wave is not the resu lt of a single factor and a thorough

analysis of change of the wave pattern is still difficul.t

4　Conclusions

In th is paper, we analyze the influence of external fie ld to the wave structure of excitab le

m ed ia. The theoretica l analysis describes the cu rvature rela tion of wave fron t surface in

excitable m ed ia. The norm al velocity o f w ave fron t has linear re la tion w ith m ean curvatu re,
plane velocity and external fie ld. Th is re la tion reveals that the norm al velocity o f wave fron t

w ill increase in the d irection of external fie ld. It gives an exp lanation to the BZ experiments

resu lting under temperature field or e lectric field. The sim ulation resu lts here show rich spira l

w ave patterns. In external field, one can see themovem ent o f thewholew ave pattern aswel.l
This is consistent w ith theore tic analysis and BZ experiments phenomena. S imulation resu lts

ind icate that the sp ira lwave canmove in external fie ld when there is no external stimu lus. The

m oving spira l can d isappear imm ed iate ly or rem ain b reakup for a long period. The breakup

results reveal the interaction of mu lti-sp ira l, stripe stand wave, water labyrin thian wave and
island connection wave pattern[ 1, 2] . For spira l b reakup or wave patterns which d isappear

rap id ly, rich patterns resu lt in external stim ulus as wel.l
By exam ining the change of wave, one can find that wave pattern transform ation in

excitable m ed ia is not on ly the effec t o f ex ternal fie ld bu t a lso the resu lt o f interaction ofm any

factors. In particu lar, the boundary shape and the aniso trop ic natu re of the m edia is a lso the
sou rce for new w ave patterns. Due to the comp lexity o f theore tic m odel, the analysis in this

paper d id not cover external periodic stimu lus, an isotropic media and boundary shape other

than rectangle. R ather they are left as furture studies.
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