transition to relaxation oscillations.

To end this case study, we report the existence of a different type of MMO not found
by Koper; it is shown in Figure 22. The MMO has SAOs both near the maximum and the
minimum of the LAO. Hence, this MMO passes near folded node®n both fold curves.

The parameter region where this occurs is quite small, so that it is difficult to locate such an
MMO using simulation; it is the region in Figure 16 ndar= —2 that can only be seen in

the enlargement in panel (b). We found the MMO by selecting parameters—2.1 and

A = —0.063 in this region and choosg = 0.01 rather small; a more detailed study of the
range of parameters for which such MMOs with two SAO epochs remains future work.

5. MMOs in a reduced Hodgkin—Huxley system.As the next case study we consider
a three-dimensional reduced version of the famous Hodgkin—Huxley equations [102] that
describe the generation of action potentials in the squid giant axon; see [115, 196] for the
derivation and also [43], where the same example was used. The reduced model only de-
scribes the dynamics for voltag®’), the activation of the potassium channei$ &nd the
inactivation of the sodium channelg)( the activation of the sodium channela)is very
fast and it reaches its equilibrum state= m.. (V') (almost) instantaneously which can be
justified mathematically by a center-manifold reduction [196]. The evolution of the gates
andh is considered slow while the evolution of the voltagds considered fast. To justify
this time-scale separation, we nondimensionalize the Hodgkin—Huxley equations by introdu-
cing a dimensionless voltage variahle= V/k, and a dimensionless time= t/k; where
k, = 100 mV is a reference voltage scale akhd= 1 ms is a fast reference time scale; this
gives
ev = f(v,hyn) == IT—m3 (v)h(v— Ena)

oo

—grn* (v —Ex) — g1 (v—EL),

o= ah) = ’j;(hwtij’()v)‘ ) (65.1)
ki (noo(v) = )

n = gg(’l], n) = - W’

with dimensionless parametet, = E./k,, g = gz/9na, With z € {m, n, h}, [ =
I1/(kygna) ande = C/(kigna) =: Tv/ke. The original Hodgkin—Huxley parameter values
are given in Table 5.1. Thus,= ﬁlo ~ 0.01 < 1 and system (5.1) represents a singularly
perturbed system with as a fast variable ang, ) as slow variables. The functions, (v)
andt,(v), with z € {m, n, h}, describe the (dimensionless) steady-state values and time
constants of the gating variables, respectively; they are given by

=)= e 0=
with
am(V) = T T Bm(v) = dexp(=(hw +65)/18),
ap(v) = 0.07exp(—(ky,v +65)/20), Brlv) = 1+exp(7(kiv+35)/10),
(V) = [t Bo(v) = 0.125exp(—(kyv + 65)/80).

The orginal Hodgkin—Huxley equations with scaling parametgrs= 7, = 7,,, = 1
shows no MMOs [102], but it;, > 7, > 1 Or 7, > 7, > 1 are beyond certain threshold
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gna | 9k | 9 | Exa| Bk | EL || W | C

120.0 [ 36.0 [ 0.3 [ 50.0 | =77.0 | —=54.4 [ 1.0 | 1.0 | 1.0
TABLE 5.1
Original parameter values of the Hodgkin—Huxley equati(®4).

values then MMOs are observed [43, 196, 197]. Here, we focus on a specific case with
7 = 6.0, 7, = 1.0andC = 1.2 (so thate = 0.01). We use the applied curreit(in units
of A /cm?) of the original Hodgkin—Huxley equations, that is, the rescdl@u(5.1), as the
only free parameter. Furthermore, in order to facilitate comparison with other studies, we
represent output in terms of the non-rescaled volidage 100 v, which is in units of mV.

From a mathematical point of view, the MMOs are generated due to the presence of a
(subcritical) singular Hopf bifurcation dt= Iy ~ 8.359 and a folded node in the singular
limit e = 0. The critical manifold of (5.1) is defined by,

I —mo(v)®h(v— Exa) — g1 (v— E))
gk (v — E) ’

which is a cubic-shaped surfae= S*~UF_US"UF, US%™ for physiologically relevant
values ofl. The outer sheet§»* are stable, the middle she$t is unstable, and’,. denote
fold curves [196]. The desingularized reduced system on this manifold is given by

{@ = (ZFhHa + (&) o
h = —(%f) g1-

A phase-plane analysis of the desingularized reduced flow in the physiologically relevant
range shows that there exists a folded node singularity’orior I > Irpgn ~ 4.83. Fur-
thermore, it can be shown that the global-return mechanism projects into the funnel region
for I < I, =~ 15.6; see [196, 197]. Hence, the folded node theory predicts the existence of
stable MMOs for a range df-values that converges g-sy < I < I,. in the singular limit
ase — 0.

Figure 23(a) shows the folded node singularity for= 12, where it lies approximately
at (v, h,n) = (—0.593,0.298,0.407), in projection onto thén, V')-plane. The two black
curves are the strong singular cangtdand the primary weak canarg, that pass through
the folded node. The other two curves are maximal secondary cafipetsl £ that were
found as intersections of extended slow manifolds computed near the folded node; see also
Section 8 and [43, Figure 6]. Their projections onto thel )-plane, which illustrate the
oscillating nature of5 and&g, are shown in Figure 23(b). Notice that the final oscillations
of the primary weak canarg,, in Figure 23(a) show the distinct characteristics of saddle-
focus-induced SAOs. Indeed, a saddle-focus equilibrium (—0.589,0.379, 0.414) exists
relatively close to the folded node, due to the singular Hopf bifurcatiohyat~ 8.359.
Decreasing from I = 12 toward] = Iy causeg to move closer to the folded node and the
mix of folded node induced SAOs and saddle-focus induced SAOs will be more pronounced;
compare with Figure 21(c).

The equilibriumg for I = 12 persists whei is varied. A partial bifurcation diagram is
shown in Figure 24(a), where we plot the maximumlofersus/. Similar to the analysis
in [43], a unique equilibrium exists for all and it is stable fod < Iy and, approximately,
I > 270.772. The (singular) Hopf bifurcation (labeleH) at Iy gives rise to a family of
saddle-type periodic orbits. This family of periodic orbits undergoes three fold bifurcations
(SL) at] ~ 6.839, I ~ 27.417 andI = Igs; ~ 14.860, after which both non-trivial Floquet
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FiG. 23, Maximal secondary canard orbitg; and &g of the three-dimensional reduced Hodgkin—Huxley
equations(5.1) with 7, = 6.0, 7, = 1.0, C = 1.2 andI = 12. Panel (a) shows the two canard orbits in
projection onto thgn, V')-plane; also shown are the strong singular cangrdand the weak primary canargl,, .

The projection o5 and & onto the(h, V)-plane in panel (b) shows that they make five and six oscillations,
respectively.
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FIG. 24. MMO periodic orbits of the three-dimensional reduced Hodgkin—Huxley equaftohpwith 7, =
6.0, 7, = 1.0 andC = 1.2. Panel (a) shows a bifurcation diagram where the maxiiaValue is plotted
versus the applied currert Isolas of MMO periodic orbits exist over a range bbounded by a period-doubling
bifurcation PD and a saddle-node of limit cycle bifurcati®L. The isolas are colored in alternating light and
dark blue. Panel (b) shows an enlargement near the Hopf bifurcation. All isolas shown have a fold bifurcation for
Is1, ~ 8.087. The periodic orbifl" shown in panel (c) is the stable MMO fér= 12; panel (d) showg™ when it
has a maximal/-value of—20 mV.
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multipliers are less than 1 in modulus and the associated stable periodic orbits correspond to
tonic spiking. Figure 24(a) shows that the fifst is quickly followed by a period-doubling
bifurcation (PD) atI ~ 7.651, where one of the Floquet multipliers, which are both unstable
after this firstS L, passes through 1. Hence, the periodic orbits aftérD are non-orientable

and of saddle type. Note that a secdhd (not shown in Figure 24(a)) must take place before

the secondb L.

MMOs exist as isolated families of periodic orbits for a rangd dFigure 24(a) shows
eleven of these isolas colored in alternating light and dark blue. All periodic orbits on a
single isola have the same number of oscillations. Each isola contains a short plateau with
large maximal/ nearV' = 40 mV where the associated MMOs are stable and have signatures
1%. For our specific choice = 0.01, we found that the stable MMO interval appears to be
bounded byl ; on the left and byls;, on the right, that is8.359 < I < 14.860. Recall that
the theory based on the singular limitas- 0 predicts the existence of stable MMO periodic
orbits with signature$® for 4.83 =~ Irsy < I < I = 15.6; the match is surprisingly good,
even thougtz is relatively large. Ad | Iy, the numbes in the stablel® MMO signatures
approaches infinity, since a homoclinic orbit through the Hopf singularity is formed; see
also [43]. Furthermore, there exist stable MMO signatures with more complicated signatures
151152 ...; see [197]. The MMO periodic orbits go through several bifurcations along the
isolas (mostly period-doubling and/or saddle-node of limit cycle bifurcations); compare also
Figure 19 for the Koper model in Section 4. The maxiiaValue indicates the amplitude of
the largest of the oscillations of the respective MMO periodic orbit. Note the folded structure
of the isolas forV’ = Vp, =~ —20 mV which is approximately the repolarization threshold
value for action potentials. This value also corresponds t&'thvalue of the upper fold curve
F,, at which a trajectory jumps back. For MMOs on a plateau, the LAOs correspond to a full
action potential, while the SAOs that follow are subthreshold oscillations.

Figure 24(b) shows an enlargement of how the isolas of MMO periodic orbits accumulate
near the Hopf bifurcation, which is the region where theory predicts a signaturhat
is, an MMO with one large excursions ardSAOs. This is organised by how the global-
return mechanism projects onto the critical manifslds/ varies. If the return projects onto
a secondary canard then part of the periodic orbit follows the secondary canards onto the
unstable branch,. . of the slow manifold. However, only canard periodic orbits that reach the
region of the upper fold curv€’, are maximal secondary canards. Hence, the corresponding
family of secondary canards can be split into two groups: we call the secondary canards with
maximumV < Vg, jump-backcanards and those with maximum > Vg, jump-away
canards. This is an important distinction in this application, because the jump-away canards
will create action potentials, the jump-back canards will not.

We illustrate the canards along one of the isolas in Figures 24(a) and (b). The stable
MMO periodic orbitI" that exists on the plateau fdr = 12 is shown in Figure 24(c); its
signature ist® and it lies on the isola that corresponds to periodic orbits with a total of seven
oscillations. Note that the large excursionlois above threshold. The six SAOsbfare due
to the fact that the global return lands on the rotational sector bounded by the maximal sec-
ondary canardg; and&g for I = 12 (not shown); compare Figures 23(b). When the periodic
orbit I" is continued in the direction of increasidgthe maximalV/ -value decreases and the
LAO changes from an action potential to a sub-threshold oscillation. Figure 24(d) $hows
(which is now unstable) when its maximilvalue is approximately-20 mV. Observe that
T" still has a total of seven oscillations, but now two of them have a fast segment. These fast
segments are jump-back canards. More precisely, the periodidarbitsists of a segment of
a jump-back canard of thig canard family that connects to a segment of a jump-back canard
of the strong canard family, which in turn connects to the former segment, hence, closing the
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FiG. 25. Continuation of a family of periodic orbits that consist of ten oscillations. The continuation starts and
ends at/ = 12 with a fold at/ =~ 8.087. Panel (a) shows a three-dimensional “waterfall diagram” visualization
of the time series of for 90 computed periodic orbits along this part of the isola; the boldface periodic orbit lies
at the fold point. The orbits in blue correspond to the part of isola in between the fold point adevéiiae that
corresponds to the Hopf bifurcation, that i5; ~ 8.359. Panel (b) shows the maxim&l-value along the branch
in the (I, V')-plane, where the arrows indicate the direction of the continuation. Panel (c) shows the periodic orbit
at the fold together with a coexisting small periodic orbit in projection onto(thev)-plane.

loop. One could classify in Figure 24(d) as an MMO with signatu®®, because only five

of its oscillations have really small amplitude due to the passage near the folded node, while
there are two clearly distinguishable larger oscillations with fast segments due to jump-back
canards. However, none of these larger canard oscillatiodsare full action potentials,
meaning that all oscillations are classified as SAOs in this application context.

Figure 25 illustrates the characteristics of the periodic orbits along the lower parts of
the isolas in Figure 24(a), where they are very close to the branch of saddle periodic orbits
bifurcating from the Hopf bifurcation. More specifically, Figure 25(a) shows a “waterfall
diagram” representation of the time series of 90 periodic orbits along the lower part, for
1 < 12, of the isola along which one finds a total of ten oscillations. This part of the branch is
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TABLE 6.1
Parameter values used in the four-dimensional Olsen m@&dig)

[ k1 [ k2 | ks [ka| ks [ ke | kv [ kv | ks
[0.28 [ 250 [ 0.035 [ 20 | 535 | 0 | 0.8 | 0.1 [ 0.825

|2

shown in Figure 25(b). The fold point for this isola islat Iy, ~ 8.087, and the associated
periodic orbit is drawn in boldface in Figure 25(a). The periodic orbits on the part of the
branch forlg;, < I < Iy are highlighted in blue. The periodic orbits along this part of the
isola are quite different from the MMOSs one finds near the plateaux of the isolas; Namely,
they consist of a mix of SAOs and jump-back canards, ten in total. Figure 25(c) shows the
projection of the periodic orbit at the fold onto the, V')-plane; also shown is the coexisting
small periodic orbit that lies on the branch emanating from the Hopf bifurcation. This figure
suggests that the periodic orbit at the fold is approaching a homoclinic cycle of the small
periodic orbit.

6. MMOs in Olsen’s four-dimensional model of the PO reaction.Many applications
do not lead to models that have a clear split into slow and fast time scales. Often some
assumptions to that extent can be made, but most variables will be slow in certain regions
of phase space and fast in others. The following case study illustrates how the geometrical
ideas from slow-fast systems can be used in such a context. We study a four-dimensional
model of the peroxidase-oxidase (PO) biochemical reaction that was introduced by Olsen
and collaborators [37, 172]; see also [42], where this same example was used. The Olsen
model describes dynamics of the concentrations of two subst@tesnd N AD H) and two
free radicals, denoted, B, X andY, respectively; it is given by the differential equations

A —k3ABY 4 ky — k_7A,

B’ Ot(—kgABY — leX + k’g),

X' = kiBX —2ko X2+ 3ksABY — ko X + kg,
Y’ —ksABY + 2k X? — k5Y.

(6.1)

Note thatw is an artificial time-scale parameter that we introduced for the purpose of this
case studyp = 1in [37, 172]. The other parameters are reaction rates and we chose their
values as given in Table 6.1, such that the periodic orbits that exist for these parameter values
are representative for the Olsen model (6.1). We focus our study on a stable MMO periodic
orbit, denoted™; its time series of the variablé is shown in Figure 26(b). We observe that

I" has signaturé®, and we estimate thatis aboutl5. Below, we show that the SAOs of

this example occur during passage through a dynamic Hopf bifurcation, and we analyze the
global return mechanism of this trajectory.

6.1. Bifurcations of the fast subsystem.There is no clear split between the different
time scales in the Olsen model (6.1), but it is known tBa¢volves on a slower time scale
than the other variables [153]. Hence, it makes sense to consider the fast subsystem obtained
by settinga. = 0, that is, B’ = 0 and B acts as a parameter in (6.1). The bifurcation
diagram is shown in projection onto ti{el, B)-plane in Figure 26(a), which is invariant
becauséis = 0; see Table (6.1). There are two branches of equilibria that intersect at a
transcritical bifurcatiorl” for B = k4/k; =~ 71.426; solid lines indicate stable and dashed
lines unstable equilibria. The equilibria that are colored black in Figure 26(a) are physically
relevant because they have non-negative values ahdY’; for grey equilibria, on the other
hand, X or Y is negative. One branch is the black horizontal linelat 8; it lies in the
(A, B)-plane (whereX = Y = 0), which is invariant sincé&s = 0. Equilibria along this
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