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2 CIRCUIT MOTIF OF THREE INHIBITORY BIJBRSTING NEURONS
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1: (Color online) Bursting in the slow-fast Hodgkin-Huxley neuronal model. The bursting orbit of a single

neuronal burster (at ¢ = 0 and g;,, = 0 ) is organized according to the backbone of nullclines for the slow

variable, given by 7; = 0 dashed (red) line], and fast variables (V“ h1> = 0 (dashed-dotted black lines). The

shaded rectangle (lower-left corner) is expanded in Fig. 3.
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A. Single-cell dynamics
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2 CIRCUIT MOTIF OF THREE INHIBITORY BURSITING NEURONS
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Kl 2: (Color online) Stable polyrhythmic patterns in the NCM. Two 0.5-mV kicks (arrows) applied to mem-
brane voltages V;(t) cause the NCM to switch among the three coexistent pacemaker patterns (A, B, and C).
Parameters are 0 = 0, g = 20pS.
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2  CIRCUIT MOTIF OF THREE INHIBITORY BURSITING NEURONS

C. Soft- to hard-lock transition
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D. Mean free path description of noise-induced rhythm switching
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2 CIRCUIT MOTIF OF THREE INHIBITORY BURSIING NEURONS
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K] 3: (Color online) Critical synaptic strength in the neuronal burster. We show the shaded region of state
space from Fig. 1 (lowerleft corner there). Constant inhibition, at coupling strengths gy, > g5, induces a
saddle-node bifurcation by shifting the fast nullcline (dashed-dotted black lines) across the slow one [dashed
(red) line]. The critical value g, , at which nullclines are tangent (filled circle), therefore separates a soft

coupling from a hard coupling that can lock down the postsynaptic burster.



2 CIRCUIT MOTIF OF THREE INHIBITORY BURSITING NEURONS
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Kl 4: (Color online) (a) NCM of three bursters (blue, 1 ; green, 2 ; red, 3 ) randomly switches among three
pacemaker patterns in the voltage trace for coupling strength gi,, = 15pS and noise o2 = 0.0025pA>/s. (b)
Coincident bursts (shaded regions) are mapped into shifts in the A-B-C directions of 2D random walks. Inset:
Random walk episode corresponding to the voltage trace in (a). The mean free path of the trajectory is 3.8

steps.
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3 STRONG SYNAPTIC COUPLING DESTABIEZESPOLYRHYTHMS

3 STRONG SYNAPTIC COUPLING DESTABILIZES
POLYRHYTHMS

R EIRIE ginn AR NCM Z 5 HREHMEI I ESE. JATTHE 1 2 FoRs & o B2 AT 75 55 52 N (1)
MFP, Jfi%E T MFP 5 g, FAERIRKHEIC R, WK 5 FosfRNSHE s . L EZHHIER (1) MFP ££
R EIRSE gope NIERIEK, IZ5REHIT BN J1 A I P-REBULIE (7F g IRSE);(11) 2 ginn A£BEKI, o2
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5: (Color online) Nonmonotonous dependence of the mean free path (MFP) on the synaptic strength gi,p, -
For a plausible range of noise intensities, o2, the MFP reveals a synaptic strength of maximal robustness,

Jopt = 5.5pS, comparable with the critical coupling geiv = 6.1pS[Eq.(10)]
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Vulnerable phase of the polyrhythms beyond the soft- to hard-lock transition
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4 SADDLE-NODE GHOST MODEL OF THE SEFFITO HARD-LOCK TRANSITION
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K] 6: (Color online) Hard-lock mechanism of rhythm switching. (a) A typical rhythm switching event (inlet)
occurs upon noise-induced separation of neurons 1 and 2. Neuron 1 reaches © and inhibits neuron 2 from
bursting. (b) The quiescent phase of postsynaptic neurons undergoes a saddle-node bifurcation upon activation
of inhibition (left panel). The location of the unstable point marks the critical voltage Vit [Eq. (11)]
separating rhythm switching from coincident bursting: in the right panel, model neuron 2 [Eq. (9)] stays below
Vit , thus switching rthythms. Parameters: g, = 20pS,o0? = O.OlpA2/S,VO = —44.3mV,e = 0.22mV/s
a=153mV~"'s?

4 SADDLE-NODE GHOST MODEL OF THE SOFT- TO
HARD-LOCK TRANSITION

BRI (=7 C) Rt T B E e s B R BLRINLE] [Eq(1)], WHETH TR . HTAe
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BT ghost” I IR L. IMAMEF ARG, FAMSR) TR v, = 1,2,3) T AVET 7 ghost” 31775

by =e4a(v—V) — la&‘(t) + ij?h] ! (4.1)

\

KA 1" FIEFS o0& (t) RMEREK NCM FTFEHEEIN [Eq.(1)]. S8 e, o, M Vo R EE V()
PO THR, FEEE IV A IR

The saddle-node ghost model allows us to approximate the critical coupling g% ;. by an estimate g . It is
the synaptic strength at which a single active synapse leads to the saddlenode bifurcation in the postsynaptic
neuron (cf. Fig. 3). The situation is modeled by setting o = 0 and Zj I;;‘h = ginn (Vi— Ein ) in Eq. (9): the
saddle-node bifurcation occurs at

Gerit = 2C <a (Einn — Vo) + \/&2 (Bin — Vo) + 5a> (4.2)

For values giun > gait , & pair of fixed points emerges from the saddle-node bifurcation. The critical voltage

Vit is approximated by the position of the unstable fixed point:

chrit = ‘/O +

Ginh n \/ [ ~ Ce+ gimn (Einn — Vo) (4.3)
2aC 402C? aC
B 6 (b) BiEH 7SR RIE) )15 o) BB T RAMRME ©, 1M vo < Vewir TE Ginh > Ger WBESEER

SIS B R FFREBUE -

4000—— — . —
(a) bursting orbit‘ (b) ‘ ---- quadratic fit‘
3000} [~\ ! :
¥ 2000} "
>
E
< 1000 .,
/ ‘I'ul
ot o/ DR EEE T EELIEE
TN g — .
quiescence bursting :VU
~1000—— | - - | P, ‘
—-40 =20 0 20 —45.0 —-445 -44.0 -435

membrane voltage vV (mV)

K 7: (Color online) Estimation procedure of the saddle-node ghost equation. (a) Time derivative V on the
periodic orbit shows a complicated dependence on V. (b) Locally, V can be expressed as a function, F(V) = V.
Parameters ¢, Vp, and « of Eq. (9) are determined so that the quadratic fit (dash-dotted line) matches F'(V)
(solid line) at the local minimum of the quiescent period. Ghost model parameters: Vo = —44.3mV,e =
0.22mV/s,a = 1.53mV " 57!
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FESEHN Hodgkin-Huxley 7R B, FHHH go 07T UL ISR 5], 1X20H T Hi% 4 “ghost”
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Estimation procedure of the saddle-node ghost model parameters

“ghost” MM ZH e o M Vo[Eq(9)] HARM G IR FHRA BRI V() it [Eq(1)gmn = 6 = 0
I, i 7 BiR. W, REAMRERPUE B 7(a) L] ERRPUENE LB, RATKH V RN E L
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1M, FATEE = I RZ R ERE T WS ET 0, @5 TARHEIE T2 © = € + a(v — V0)?[Z%5 BEq(9)].
BSHERh F(V) BT £V i, F(V) &, /MEN e = F(V), 2a = F"(Vo). B 7(b) 45 77—
MG B .
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5 MODIFICATIONS FOR ROBUST POLYRHYTHMICITY

I A ) B, FATILE T DTS4, DUESE NCM XA RSBt B, JATESE 7Rl
MR G IRE (5K 5. thhh, BATRM 7 PR SSRE — DR SR G R IR S e, W LU N
2870 AR OB R 5 e 55 B BB A i EL ] (B 6b]o IX4y 1 A2 o KINL & RN 2E N2 B
Beo A—MIER, RAMNEGEEMS, X ARS T AT 2 R T e s B SRR DT 4G
FEEPIDMETT

A. Neuronal modifications

ZH e BT ginn = 0 I EFEENRT(ELZ B H/NNEE (WK 3). 40 HH B8 o vr & fhig
e AL TCIEN, A IXSEHRN 1 TR FE L (M RS o fEAHIT FU R (8 ] AR e A oy, R T R S
e WARONERT Kt BusBAL VI2[Eq(3)]: V2 W 3 8IS 4mV i, e A 0.22 3% 0.27 mV/s[49].
FE Gopt I, MZTTCHN I X MARIE 38 T MEP ) 20 2521 60 25, W 8(a) s,

B. Synaptic modifications

bR T R Ak, AA TR T DA AR, DAIESR 4 (S pe e . FRATTIE B T A0 S Ak A& 1 mT DLGE
SR R AR A AR I L B . Al FRATAH S I S Ak g i (R ROBE [ (4)]. Wil 8 (b)Y Fiow,
T = 250ms PRI MFP 24108 25 5, A2 =0 B 20 . 80, AL LUHRERMBEIE 0, M
Mk R G0 5 22 (I TA) 38 38032 2 B B

6 CONCLUSIONS

BN T DD RE TR B 2 X 2% 2 DhREME A — IR 2R o AT NCM[3C (1)) 7B SCHF
TRl RN RN AR R R A, L H RIS, R 2R A S RS . Y
%% Z IR P R A A — A sl e FEBRUR A S5 B B o RATTEIE X NCM. it i BEA L 3 K48 7= 1K A A A

NTIRET RGN, BAISCR T 2 MBI S8, MFED N EESHR MR . AT, IR R A&
RIE T WESE: AEGIRE G0, BE BRI AR, Rasg rhng hn 14346500, (EAEsRRE G0, th T HEsgk
B, ST ERIEREAR. MO AR T A A S R - R . RN R R R AR A,
il 7 2 AR, B  MBIRAS. SUA N, BATRE T DR R AR e, ERXAME R
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Modifying Neuronal Dynamics
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8: (Color online) Improving the robustness of bursting polyrhythms. (a) MFP dependence on g;,, for
e =0.22mV/s at V¥2 = 3mV,0.25mV /s at 3.5mV, and 0.27mV /s at 4mV. The optimum, g,y , shifts towards
a higher gi,, . (b) MFP dependence on gi,, in the NCM with instantaneous 7 = 0 and delayed synapses
7 = 100 and 250 ms. Parameters: VX2 = 3mV, 02 = 0.0025pA>/s
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Kl 9: (Color online) Comparison of critical and optimal inhibitory strength. (a) For different values of
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APPENDIX

TABLE I. Typical parameter values used in this work.

Parameter Description Value
C Membrane capacitance 0.5nF
JNa Na't conductance 160nS
K, K™ conductance 30nS
Jgr Leakage conductance 8nS
FEna Na™ resting potential 45mV
Ex K™ resting potential —70mV
Eyr Leak resting potential —46mV
TNa Na™ time scale 0.0405 s
TK, K™ time scale 0.9 s
yNa Na™ activation threshold —30.5mV
Vvh Na™ inactivation threshold — —32.5mV
Kz K™ activation threshold 3mV
sha Na™ activation slope 0.15mV~"
st Na™ inactivation slope —0.5mV "
sk K™ activation slope 0.083mV !
Ein Synaptic resting potential —62.5mV
A Synaptic activation slope ImV~!
(C] Synaptic threshold —40mV
Iy Synaptic noise mean 6pA

02 Noise intensity 0.0025pA* /s

1. Full NCM model equations

For each of the three neurons, i = 1,2, 3, the membrane voltages dynamics V;(t) is modeled by Hodgkin-

Huxley-type equations:
CVy=—IN —If — I — [pnd =y "t
i

IiL:gL(V;_EL)) IZ—QK2 (V Ek)
I = gnamihs (Vi = Ena), - mina = mg, (Vi)

TNahi =h* (Vi) — hiy,  Tk,m; = sz (Vi) —m;

he(V) = (1+exp (=s" (V =V"))) ™

ma (V) = (1 +exp (—s™ (V — VNa)))
m2 (V) = (1+ exp (=55 (V — VE2))) ™!
L5 = gion (Vi = Bin) / [+ exp (=X (6 = V)]
= Iy + 0&i(t), (&) () =06 (t —t)
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Table I lists all free parameter values used in this work. We approximate the solution to this stochastic
differential equation with the Euler-Maruyama method with a fixed time step width of At = 0.001 s. This
value yields about 180 points per oscillation in the fast spiking dynamics. We tested other values of At to
confirm the numerical stability of our results. A PYTHON code that simulates the stochastic network motif

for these parameter values is included in the Supplemental Material for convenience [0

2. Relation of critical and optimal coupling

We compare the soft- to hard-lock transition value g, from Eq. (8) to its estimate g from the
saddle-node ghost model %4 and to the optimal coupling strength Jopt from the full stochastic network, all
at a range of values of the parameter V¥2[ Fig. 8(a)]. The close proximity of all three quantities underlines the
relevance of the soft- to hard-lock transition to rhythm robustness [Fig. 9(a)] : both ¢, and gex predict the
optimal value of the inhibitory strength, g, , beyond which the network rapidly loses robustness. Notably,
the real bifurcation value g7, overestimates gop . This is expected because a stochastic dynamics typically
anticipates a transition, e.g., bifurcation, in its corresponding deterministic dynamics. Critical coupling gt
of the ghost model yields a better predictor to gopt than g;, Notice, however, that g..iy was only designed
as a more general quantity that closely tracks g7

We find that g.i, systematically underestimates g7, and that the better prediction of gop, is thus
somewhat "accidental’ Let us outline the origin of this systematic error of gy in approximating g, As
shown in Fig. 3(b), increasing g;,, moves the fast nullcline approximately horizontally (in the mg, direction)
towards the slow nullcline. This direction does not follow the shortest distance between the two nullclines.
The ghost model, on the other hand, approximates this shortest distance with the parameter € and assumes
that gin, yields shift in that very direction. In consequence, smaller values of g;,;, induce a transition in the
ghost model approximation. Note that the skewed geometry is also visible in Fig. 7 , where a small rotation

of axes would allow for a better quadratic fit.
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