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1 5|5 [INTRODUCTION]

X A2 T 2% (R RIS 30 2 8 R AR T IR I 2%, AR 2% A2 SN PR2 Je AT AR P RE R B 1, T
HEERETTRAFFE R [1-3]. SR, FERLEEOLT, N2 2 = X [4, 5], AH [F] B #0248 70 1) R kA L
RV NAVE X FRS) 1 RS TR [6-8]o ERITH R (9] 1, IATHE T 2t A AHE 6 #he
TCIR IS CAH N 2 RAER)) P2% o X L8 /Y28 (1) AT ZAAE T, ARAE— PP U0 732, {8 Watanabe/Strogatz
EHR RGEIMYEFEN N (Mg R o) FECH] 3[10, 11]. XL RS )50 — D@ 72, X
T B HIVERE S, B A SR LA S A N RARIREL, (EAE HAAI A6 21 R e AR . FEASCH, 3R
AT IXFAT AT T EIRANRIBEAL, B X FR AT J0t S EORAI 6 25 A AR i Rada vk .

PATILAE Tl ZE A A — T DART I — S840 0 TAE . IREAT AN S C A2 7L T4, St sfs
PR 2R W R R G PR 5] 34T T 9. Blan, [12) #5817 3 B 4 ASKTRRAR G B om il A (7] 4R 32 48 14 1
% o IXEOHRV A8 R ST HL BR SCHIL IR, WSR3 1 HA AN R0 R FE VR 5] 25 o — el 1] B (1 9R 35 48 =2 AH
Rk o, HAP R MRG SRS H— DR — A AR ERR . X 2 R SR 4 N2 I & IE Y (6,
13]o AR LS, H ARG S @ A AL Z B R BU TR G, CEP R (14, 15). KT IXFhRA
Y 10X 6% 72 15 B VRV 1) 1) R 28l J LA /N LR v [16]) 5 R T BHAHRI . A0t 248 6 I AH AR5 25 I 28 2H 1%
RN 2%, IR ZE VYA BUE Z IR G %, LSRG B AN sl 2 8. [17) RIPUAN 805 22 1 57 o
FHALHRZ 45 1R X 28 2ERE & BR Bi0h R — MBI 00N 2 BURAT e 6 B JE ot A8 BLAE F I AE AL 4R
AR Y AR I T IRIEAT Y (18] 7E B PSR PR T 2% 2L R R 2%t B T IR T IR G, 1R 2% N A9
KA RIS (19, 20], £ ERGAIRG & kB IR (21, 22].

FHAR B A T R A I T I AR A 2 AT R S B 2, LA IR IR A L R SR 2 S, T
AREN Lz, nf I A B X 2T, XEPFTER) 0 M4 0] DIEE S R T EE,
EEMRAAES, KBRTENRRA (23, 24]. 5346, EARE ALK BR80T A AN, Z RS 1) FRAT
FrAIE I ME— 8T 0 FHE J0 M 26 1 TR 7042 [9, 25, 26] A1 [27], BEATSERR EE RS T IR UK S 4
T, FEARRRAEHE T A T 0 #h&2T0. 1 [25) Hh, EE I 7 RN 6 T e, @ik 6 s kbt
TR G . [26] 1 AN OB R A TN IR, S RGEAEE M, AR RIS R M X 2 o AR VR
18 [27) T, FEEHE T BAEEMH KB M 4%, X BIRAVE T B A BRSPS G N 2% b
BEERZ, AL/ [28-30] 1EEAT IEIE 1L HE S (105 - A S P 48 T 0 DR 2R ) 2% e W ¢ AN AT Ay o
SR, /NS R 2% R TR AT R (9]

TAVE RG22 2R G 0 A TTHI/NNZE . 0 FIE T — NIV, 2 —> T BUppE Jofi giy
BERY, %P TR, PRI G AN AR 5] 4 X — AN A (23, 24) 0 AT U IS SRS I AR bR IR 4 IR
- RO 2 TR HE T IR [31]. ZMZE I TTRE N

do;

o= 1 —cost; + (1 + cosb;)(n + KI) (1)

i=1,2,...,N, Htn 2% H
o
I= N ;:1 (1 —cosb;) (2)

Hrh a, RRXFFEEER ,
/ an(1 —cos6)"df =27 (3)
0
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K&, RANRGUE (t {theta;}) MEAR T RN, B (-t {-0;}), MNTHH
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WFHRLESH, N =30, RS (1)-(2) TURBUNRIT S, W 1(a) Bk, A, 3 THEKS

Bl AR ARG S B 2 SRR AT, Wi 1(b). 3R IR AT A HUE IR A 47 O DARG 2 Hod LA
A RS [33,34]) g R,
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Figure 1: (a) sin () for initial conditions (8,,8,65) = (0,1,6) (red dashed) and (107%,1,6) (blue solid). This shows the
exponential divergence characteristic of a chaotic solution. (b) sin(#) for i = 1,2,3 with initial conditions (1, 02,83) =
(0,27 /3,47 /3). This is a quasiperiodic solution. Parameters: N =3 n =2,k = —0.75, 5 = 0.1.
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RN 20 FATE BIPIAAFH X, e —A DX i W] 22 A B0, 5K Lyapunov #8858 T%, 5
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b, SRR, B RGE Y.

N T AR %, BA T Poincaré #i73AE 0, = 7, d6y /dt > 0, ZRWE 3 Fros. HTHiarc2m
R, EATRCRNE LA IR o EIXRE DL, WG IHEHER 0 = 01(0) < 62(0) < 63(0) < 27, XKWl
NAT A R A HBER 3 PR =X BATE B T — Lo AR AT PTAS DXIO0S I AR Ja I AE 2 b B XA T
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Figure 2: Maximal Lyapunov exponent for solutions starting with #;(0) = 0 and #2(0) and #3(0) given by the values shown.
Most initial conditions result in chaotic solutions (positive Lyapunov exponent) while some give quasiperiodic solutions (zero
Lyapunov exponent). Parameters: N =3, n =2 x = —0.75,5 = 0.1.
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Figure 3: Poincaré section at ¢h = 7 with dfy /dt > 0. 20 different initial conditions were used and each solution starting with
a specific initial condition is plotted a different colour. We see coexisting chaotic and quasiperiodic solutions. Parameters:
N=3n=2k=-0757y=01.
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Figure 4: One period of the periodic orbit at the centre of the quasiperiodic regions in Fig. 3. Initially #1 = 7 and at the final
time &, = Sw. Parameters: N =3,n =2,k = —0.75,p = 0.1.
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Figure 5: (a) points from the Poincaré section #; = & with df /dt = 0 with /22 4+ y® < 0.1, i.e. in a neighbourhood of the fully
synchronous state. (b) Direction field induced by the map (5), obtained by fitting a general second-order map to the points in
panel (a). Parameters: N =3,n =2, s = —0.75,7 = 0.1.
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Figure 6: Maximal Lyapunov exponent for solutions starting with 8,(0) = 0, #2(0) = 4 and #5(0) given by the value shown.
Chaotic solutions have positive Lyapunov exponent. Parameterss N =3,n=2,7=0.1.

BATIUAE L FE SR IAN S K. XTRE 7, 6,(0) A1 62(0), 15T & A1 05(0); FAFEIE 6. HATEER],
FIA RGBT 2 S BQRMAT Ay, THIER £ KK KABKEGEE, SafiASiRl (0% TiX
YR ZRAFIN E D)o KI k BNRIEAT NI RIRFEAR R I TIX L & HAAE —DERIAZ R IR & AR,
Zou G . ik, J9MGIRTEIRZE M [6,13,35], RS AR R RARML Z 1) — X T . 3715
R TP L, s 2R AT RER . IE 1 MBENLIEEEATIG 6T CREIR) KRR R IR AT
N, 5 9] PR

XHFEE K, 01(0) 1 62(0), 1T 5 A1 05(0); FAVEENIE 7. BABEFER, n BFMGEFFNEST
BORMAT N, mHIE n KK, BRIFHASEE (EDXTIREYIEF N E ). EIEEAE n F105(0), A
FEE 8o Hn =1, AZIRIEN, RAIEEEIFEEE o MRINmsEn, B2 n =10 24, REHDN,
FEURTAT AN 05(0) ER Bt A

FERRBR n — oo i1, (2) AR

2 N
I:N;zi(é)i—w) (7)
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Figure 7: Maximal Lyapunov exponent for solutions starting with 8;(0) = 0, #2(0) = 4 and #3(0) given by the value shown.
Chaotic solutions have positive Lyapunov exponent. Parameters: N = 3,n = 2,k = —0.75.
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Figure 8: Maximal Lyapunov exponent for solutions starting with 8,(0) = 0, #2(0) = 4 and #5(0) given by the value shown.
Chaotic solutions have positive Lyapunov exponent. Parameters: N =3, = 0.1,k = —0.75.
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I:NZ;(S(t—tf) (8)

R kA R R R SR . AT AT RZ N4 R B K Lyapunov 850, WIS FIR, FRATRIL
ZIRBAE T A IR %A TR Z o T LA J7 2R LA FH e 22 70 19X 28 A0 EAT 5 s AH ELAE FH TR T 45,
AR A TAAE [25) Bt

AE T FEAR 2 O A R R G SR P S . Dy, AR (1) By

%=1—cos(9i+(1+cos&i)(m+n[) (9)
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Figure 9: Maximal Lyapunov exponent for solutions starting with #,(0) = 0, #2(0) = 4 and #5(0) = 5. Chaotic solutions have
positive Lyapunov exponent. We have (m,7z,73) = (0.1,0.1 4 e2,0.1 + e3) Parameters: N =3,n =2,k = —0.75.

—REYE R B RS RE R AL, ARG RIRMAT OV R . LA, A2

do;
dt

=1-—cosb; + (1 +cosb,;) (n+ kl;) (10)
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Figure 10: Maximal Lyapunov exponent for solutions starting with #,(0) = 0, #2(0) = 2 and #3(0) as shown. Blue solid line:
the network (1)-(2), i.e. this is a vertical “slice” though Fig. 2 at 62(0) = 2. Red dots and line: the network (10)-(11) (no
self-coupling). We see that removing the self-coupling does not destroy the chaotic behaviour. Parameters: N =3,n =2,k =
—0.75,7 = 0.1.

HABEHJE T s a PE 2 TR &, K (1) By

%:1—00892»4—(1—1—0089,»)(77—1—[); i=1,2,3 (12)
/\q:‘
I=a,[-0.75(1 —cosf)" —0.75(1 — cos03)" + k(1 — cosbs)"] /N (13)

PrUAARZET0 1A 2 AR IAR & < 0, #2270 3 ZMHIIERIATER k < 0, #1470 3 2 MATER. Bn=0.2
Mln =2, JEREHLESEAIIG R, AT k& < 0 BIREM, T k < 0 MGIRMEM (RER).

3 4 MHETMERILER

DAERATAR LR T 4 DL nE e, A (1)-(2) #ow, Kb N =40 BATAZ RGHTER =5 7]
2, MM (0,2] HEENIRSLHLEFE 0; FIVIARERAA 7 1% A ) B K2R M Vi R AR H. 12w HIVF 2 B EUE )
B ALIZFEAR 2000 20, BATSEIE 11 PR, BER T BRI R — R E O

WERTEHIRE R
WERIATEH B, 1322 ER
CZZ =1—cosb; + (1 +cosb;) (n+ kl;) (14)
i=1,2,3,4, Hf
4
I, = % (1—cosf,)" (15)
(o
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Figure 11: Probability of a randomly chosen initial condition having the maximal Lyapunov exponent (MLE) equal to the
given value, as a function of k. Log to the base 10 of the probability is shown, with white corresponding to low probability and
black to high probability. (Bins with no entries are ignored.) This is an all-to-all coupled network. For a range of values of &,
many initial conditions result in chaotic solutions. Parameters: N = 4,n = 2,7 = 0.1.

A ay, W0 (3) Fis. A 11 PRMFASENEHE, HAFREARFHBIEER (RER).
BUEEE 4 DT — M ERA BRIt , e, ®A1A (14) M

I = a, [(1—cos01)" + (1 — cos )" + (1 — cos6s)"] /3

Iy = a, [(1 = cos05)" + (1~ cos )" + (1 cos1)"] /3

Is = an [(1 —cosfs)" + (1 —cosby)" + (1 — cosb)"] /3
Iy = a, [(1 = cos0s)" 4 (1 — cos61)" + (1 — cos63)"] /3

PR 12 Fron. PREFAGSH, EEEAMEG, SRRUTHE 120RE7R).

4 g

(16)

(17)

(18)

(19)

FATHETT T /N 0 e oo i 28 TR TEAT RIS R, 1Z M 2008 ik it AT BRI R & . 2 — IS HL
BTSN, TR AR R TT 58 5 HE R IR DT S0 AF . 1X 5 Al AT I R GE b AT 2 — B0 (33, 34]. 1HIER,

LR TEAN—E B TE A [F] 4 RE L BIRTEAT N o

WREATELTE (1) B9 RHS FIINAEYELI 0.02sin6 KR KRG AT, HEZE 2 HAURITTE,
AT AETHIIR KA 2 FEORIEAT N CRER) . REZRTHIPIFEE R 9] —8, AL, shaR
fis SESGERRS & Bl B T B0 ) A A R AT R B RO TIRMBI ). RE 0 WA TTRARR > B
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Figure 12: Probability of a randomly chosen initial condition having the maximal Lyapunov exponent (MLE) equal to the
given value, as a function of x. Log to the base 10 of the probability is shown, with white corresponding to low probability
and black to high probability. (Bins with no entries are ignored.) This is a ring network with self-coupling described by (14)
and (16)-(19). For a range of values of &, many initial conditions result in chaotic solutions. Parameters: N =4, n = 2,7 =0.1.

EERARIEF IR, EER A A SRR XA 7 AR e R T L =, TR IE O IEH
T/

PATEA W B E I B AR IEAT AR, MBCH BB E 24 2 B A IHE J& 9130 /0 2 2R3 /)
A ERERU SN ) R Gih, IRMIRTREFS4E T Shilnikov 437 [36], HIX HUBF T R G0 AT T AN 2 FE
B o TRALAEA R 2 T AR A RAAAE S (HX B R ZAE R, RIAER AR /N fa] S 42 7o i 2% th AT BL
RILH 2 NIRRT 8, RAERXAZA BT ENIRAE L (AR O T2 R ). ik, SRR
R IFAS R B A R IAT N

5 Misx
HATE A%

CZH; =1—cosb; + (1 +cosb;) (n+ rI) (20)
Her I i (8) thth. WHIER, MMAEICHUER, EXHSEARM, BN 1+ cosd = 0. i HFEH [25]
tan(¢/2) = % (21)
HATH i ,
i_ A A
= 2y + \/ﬁ(l%—cosd)l) (22)
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d)i (ts) = ¢i (tsfl) + 2\/77(ts - ta71> (23)
DR A TR, FRATAT AR HPRZS MBSk o 8 57y 77 A% [38] BRIR 45 Fok Tt 3R RN
-
10y (tj) =2tan"! [tan <¢1 <25 )) + ]\;T\H[} [¢s ( )] (24)
CUANR G — OB I A] ¢y LGN R ST RPIRES, TR — BRI 8] A

to = t, 1 +min [W_‘;\/(ﬁt‘l)] (25)

HFAERAME NI T, fec RaMHFERIE, N — D Ees B 2ok 2 fUs — MBS SR a A AL
REHPZTC. Mty MORFIER] ¢, fil S0 RN

¢i (ts) = f (i (ts—1)) = U (1 (ts—1) + 2/ (ts — ts—1)] (26)

i=1,2...No WRMETT j ReBRE S, RATRE ¢; (t,) = —mo B (26)D (t,) HUHERT LURTFE AT LA [25]
FENTIF R E K. D (t,),i=1,2...N, & i MHALIL d; (), Hh

[tan<¢i(2ts)>]2+l

= {tan <¢i(2t")> + A’,”"ﬁ] 2 +1 7

Rzt j e ¢, Z 5L TT. AN (27) TFIERIEE § X MLIEET 1. D (t,) 7 50HH
Ui 1—d; (ts), FMRIRBITONE . B (26) 2RI KRR Lyapunov $5 507 DAHT 2 B 2V 4L
(R R A

2 (t) = D (ts) @ (ts_1) (28)
fooh e RY il o (IR BRI
6 & Ek
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