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? ABSTRACT - e
Chimeras occur in networks of two coupled populations of oscillators when the oscillators in one
population synchronize while those in the other are asynchronous. We consider chimeras of this form
in networks of planar oscillators for which one parameter associated with the dynamics of an oscillator
is randomly chosen from a uniform distribution. A generalization of the previous approach [Laing, Phys M) Check for updates
Rev. E 100, 042211 (2019)], which dealt with identical oscillators, is used to investigate the existence e
and stability of chimeras for these heterogeneous networks in the limit of an infinite number of
oscillators. In all cases, making the oscillators more heterogeneous destroys the stable chimera in a

saddle-node bifurcation. The results help us understand the robustness of chimeras in networks of e
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general oscillators to heterogeneity.
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#HZE [ABSTRACT)

L MRTFHPRIRT FEDM S — MR RN, G (Chimeras) HUK AL HE SR T HE
W2 b JRATTE RSP TR T R 4 T X MOE i a8, S5 IR T3 0% F RIS H0E NS0 A (uniform
distribution) HEEHLEE) . % VELE [C.R.Laing, Physical Review E, 100,042211, 2019], #F5% 7 #H[FHE T,
FH 0T 83 26 553t J5t 4 4% 18 TG BRIk 5 B IR T ik S AR A AE M E AR e 1 . AEPT B OL S, R TSI Al &
TR s 7 P RS E IR A . X e B B T JRATTBE AR — MR 7 I 2% R R M e B PR 8 12

Keywords: Chimera states, Coupled oscillators, Bifurcations, Collective behavior in net-

works, Synchrony
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1 5% [INTRODUCTION] ENi

1 5|5 [INTRODUCTION]

R E MRS R BER S IRG Mg h, HRHER RN A — AR RG s PR & [1,2]. EAE&
FERA ARG I —4E [3,4] F124E [5,6] Sh B2, W a 3] h PN ERFAL R N4, e E— Mk
B RA WS, MENTZMPFEERES [7-9]. IRGHNRBGREF, &ERRRMBAIRG & [10], HARLK
3G Stuart-Landau #i3%%45 [11], van der Pol #RZ 4 [4,12], WA MBRMERIRG & [13,14] MHEER [15-17).

P2 R TR A AR IS Rk T HUE R — RIVFER AT N H M 772 (ODE) 4R . IXFE AU
RFps 7 —Beita], B LAE 20 25 R Sehr b] Re e Ky (B B AS  —3 50 (18] X T BRI L%, FAAEFRK/N
RS ) AR, I IE Lyapunov fa 4%, BEAE M2 KNI INE T % (2] Uik &AM AR 54 [19]. iFRE%E
2, XA I SRR ERAS, BIIIE T ANE R LS HOEARNR, FEaka ka4, AR
BT

KT RARAAEN RIS LA T 3 —8E757 [10,11,20,21], (HIXHEA R TR EErEE. f#
F Ott/Antonsen ansatz[22,23] C&HE TR KR, FIAELEH TEOGEmIEREA T, HEErfH
A PR 38 3 A A7 22 1) 1 5% bR BOR & IR AR AL IR 28 I 2% [2,7,24] Laing[11] R BH —EUHE0H L T AN HE AR
AW Stuart-Landau #RFHf M4 R SR RIAAAE I . X5 R AHET 2 [25], HRRE [26] BIFARMEIX
i SR RIAREVE, JEREAL T R A =R SRR G A (P ITE R Kuramoto. FitzHugh-Nagumo k%45 ZEiR
Stuart-Landau #EZ#%) H A SR ML .

[25] FHITTERINRE], —NEHRP R AR TR AT AR I i 2 ¢ b, i EDE S A R AR TR T
A DA — Xy SEAR B R AR, UM XLk 7 # 2 AHE 1, I B IR E R E) 7l s . AR PR T4
AR, Mz C BHTR (FEWRALFR 5 5 SRR MR 125 BERAIA, ] DL H 428 ) 3 26 R £
W J7 1% (PDE)[26]. S8J5, AN R4t — XS 70 77 R A1 — X 5 oy T Rk, s A AT R & .

[25] H BT REE T AR R R -, ARFRATTCHEAR AT SEER AR L T # AN 2 B A5 [27-29], I H 2 A0
FHIFIR 7~ ) WA 28 W] e 5 {E AR [RIR T~ 1O X 28 B AR )3 235 BT [30]. FEARSCHr, JRATTRE [25] Hh & Rt
FIAREAEIR T HE Ol FA, FAMREON TR R &, — 558l 5 RS E02 NS 7541 h BEL
L. B, BT, REWEN TS, £ [25] TSR iRE R FE, If
B AT RUIE I 1218 5 T R BRI R A

FIE T A MG IR 2 [ G R S A AT, GInisie 2% [22]. B [31]. miil (32,33], DUEE
(34] FIGE— [35-39]. AE [ [0 R RE Bl 5 SO AT A SCHE T IR B 70 Al 2 8] B RS S s BE RS I, 474
BEEF . AT —MEIT, MBEERER]—FERIE, MER—MELT, BT, it X THIR
M, HETEMR A LA BB HENEN T, ARESLB e 2D (Fhpra IR a8 52 B 1) [40] . FATH
SO X — IR R W A ST TP

CARTROAHSE TAR LA [41], BEH%HE T —N il logistic MU IR Gr IR TSI IO 4, Hor iy — e B4
IS 3 A BERLIE R o AMEF BT T B AX B 73471 PR B FEE X0 56 4 [F) 25 1) 1 I £ 08 PR 5

FATHE B AR T BRI B N4 . 7E2E i, JATE R T Kuramoto RUAHN iRz &, 7E58 =7,
PATE BRI 7 [11] TR Stuart-Landau #RG 5. BP0 L& T BHE R Kuramoto #RZ 4%, HAE [11)
HHEAT TREFS . FRATESE T h Wb 70 1A R R IR 4%, SR /ST TR iR i 45k



2 KURAMOTO {7 #ky Eyayil

2 KURAMOTO fBiriRs%H=E

AT 575 8 W AN A S731R 35 a8 e A 7 22 1Y) 1 5 o B3R o ORI 3R R £ 2 i L 22 g e [7-9,42,43]
PATE S G AR B E, AR5 RS AR R KRR 5 o

2.1 A. 7R
FREPIA N ARG as OREAR, R4Sl T 2]

N N
%zwj+%;sin(9k—9j—a)+%;sin(é)N+k_9j_a) (1)
j=1,2,...,N FFH
dij:wj+ﬁisin(01v+k—9j—a)+1ism(6k—0j_a) 2)
dt N &~ N 2

J=N+1,N+2,..,2N. p REANMIREEIRE, o REH ARG RE. X THRRN w;, ENRS
LRGN [7-9] R RS, ARSI G Ak, WS [42] AR, M, X BT R,
w; MBI p(w) TEEFLEFER), p(w) AEXTE B EAEE.

(b)
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FIG. 1. A snapshot of a chimera state solution of —. {a): population 1; (b): population 2. Note the different vertical
axes. Parameters: N = 5000, p = 0.6, =04, 0 = #/2 — 0.08, Aw = 0.005.

1R T (1)-(2) BHREARERE], Hh pw) 1 [-Aw, Aw] BRI WATEZER 1 RAER
1, 60; X w; B BIRREKEE, TR 2 ZFEPHK (REAZMOFELE), 0, X w; AUERKGTE. R
RE ARG ESR, PR IRT B PR GR AR [ RMCORESRGE T RR T RPRE, B BRATHRE
(DR N ZRES) 7 MG K7 JRATIAE NAFAE IR E # A LR AT IX AR

WAV R 2 RBUER, JF Onyy =05 §=1,2,...,No Bk, HH=MESENX, FFHERH 2



2 KURAMOTO #7724 F-o 2.1 A. DA

N N
do; 2 . v .
o T WN+ + N ,;,1 sin (¢, — ¢; — @) + N ,;,1 sin (0 — ¢; — @)

— Wy + (1S + vS) cos (¢ + a) — (uC + vO) sin (&, + a)
»Fji=12,..,N,

1N 1N N N
SENZSIH¢k’ :NZcosgbk; S:NZSIHG’“ E—Zcosﬁk
k=1 k=1 k=1 k=1
XA 1
dé 1 ol v &
7j — . —i(0;+a) 10 _ Pk
7 w; +Im |e (N;e —l—N;e )1
1 _
= wj + Z [ —i(0 +a)Z 9_7+0‘)Z]
Hrp

Z = u(C +iS) + v(C +i8)

(6)

FRIZFIRE I RATIMAEBELEN IR N — oo X THERE 2, MAZRAMAL ¢; MIHE w; KIRNRE

& w BER—NESLSH, BATE TEE o(w,t), HweB. EilL (3) KIELLMRA:

0¢(w, t)
ot

Kl 1(b) RN R 1R T w HTEEUE o(w,t), LK ¢ HIRFE(E .

FEX AR
Sz/BSinW(w,t)]p(w)dw; C‘z/}gcos[dw,t)]p(w)dw

SR 1 MR L RAL £(0,w,t) HER, % 0K 30 [ E S T 2

of B
E*’@(f) 0

= w+ (uS + v8) cos(¢ + a) — (uC + vC) sin(¢ + )

Horp
L .
U(e, w, t) =w+ 27 [6—1(9+a)Z . 61(0+Q)Z}
1

BTATATLARZ A Ott/Antonsen ansatz[22,23], #4515 %

Z n —zn0 c.c. ]
Hb ce RAT—TILHIE R Kk ansatz AN LIRESLM TR, B3 a(w,t):

Ja(w,t) . 1, . .
T:zwa—i—i(e Z —e Za2)

fO,w,t) =

C+1iS= /B/O27r f(0,w,t)edfdw = /Ba(w,t)p(w)dw

(7)



2 KURAMOTO {7 #ky EYNI 292 1. 4%

A B A LU Q TeF bR, Hb o M1 ¢ #RFH HER, EXMERS, £5E 1 HHikE

ARIAHALAS AR E 1), R EA TR % R E R . PRI IRAT IR 77 R B A Bl fU O i
{ME;;’ 2 =i(w—Q)a+ % (e7*Z — e Za®) (14)
8(;5&;:’75) =w—Q+ (uS+vS)cos(¢p+ a) — (uC + vC) sin(¢ + a) (15)

K 7k, —AMHTER o B—MHTARE ¢, @S (8) M1 (13) #E5. ¢ KB AR
W, SNTEEH w, f(0,w,t) FAKBERZ—NMaR%, TOH a(w,t) BSE4H, H sharpness(8ifE)”
B a(w, t) FIRDRGE [24] T2 (14)-(15) ATRAEVON RS (11) 78 [7] ST AR FR 7 s SL e

H TR TRAZNE, f77E (14)-(15) BIAZNSRESLS (continuum), FEANANB SHS AR LI AL
o L, AT T —A “4THL (pinning)” 2fF; ERXFEHT, = 0. XAMINTERFRATRE A
FIRFE, ar ¢ 1l wo TATERE d(w) 7E [—Aw, Aw] F2&—5, FEMH 50 A0S -8k sk AUk AR
gr. BRIk, i =1,2,...,50 A w; = Awr; KRR [—Aw, Aw], z; & 50 B8k 2 i P (z) 1
e £ (8) A1 (13) H kT w WA A INAFNIT B

2.2 1. %R

TR : w B AR DR R B AR AR AE RIS E VEA A S 2 I ORI IE$h [44,45] FIATAE Aw
HAGRE 2. 2 Aw BN, [Fl—3R AL RIS E Ik SRR mi 0 & iR, BR 722 45 BN . 31X
5B G AT w; BIEOUA B, Ferf, B0 Bk KT 2 5 ik A A4 P RO AL 0 A AR A5 BE N8, 1 [+
AHE PRI ARG A ARG, BRIMIRSAESOE 70 X AEIF G I, B — R Ioik X 7 N EERE IR
A [42].

0.8715 . . . .

0.871

< 0.8705

0.87

0.8695 ' ' : '
0 0.002 0.004 0.006 0.008 0.01

Aw

FIG. 2. 0 for fixed points of (I4)-([15) describing chimera states. Solid: “stable”. Dashed: unstable. Parameters: p = 0.6, v =
04,00 = =/2 — 0.08.
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5T 0 AR Z R AR N ML AR TR ¢ BBl 3 o [ 3, IRUIE, IRAEREN w;
Ab, MRV, BEE Aw BN, BASKEAMERNIRG S E R M, SEC ML 58 [46].

0.8 . T .

o o o
o] EEN 201
T T T
1 1 1
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FIG. 3. Eigenvector localisation. ¢ component of the eigenvector corresponding to the zero eigenvalue at the saddle-node

bifurcation shown in Fig. 2| Parameters: p= 0.6, =04, a = 7/2 — 0,08, Aw = (0.0087392.

4 WoR T RT (14)-(15) A3 A LA — H B RHEE . [BIB—F, AOTCEH 50 MEEH T w.
PAHE T Sl LB 2] 49 A, B SR N T — DN SBE o [ RETEN. & 49 DMSERNENE
X, BT A BN o B RSN X 147 MHIHE S ESSH w FEEULE R, Kl
xEv'z'ﬁ (14)-(15) HIAS) R SC LS S Bl . 1A — N HA A R HELHO, 2 SUE AR XS KN,

ARt e, FE Hopf 407 [7), AW RLT RGAERFAHE N RABYER B — TR E. 2 Aw — 0,
49 /I\ﬁl%%ﬁﬁ?ﬁﬁ)ﬂz ANASEAE, EHCOY 49, REHER 49 DNE PO S BUR S B — AR e, &
UL 49,

DRI, 38 A 2 g, RIE “F85E 7 SEbr BREIRAE “HPERRE ” B CARRE 7. SEBR b, X (14)-(15)
BEATHUER S, RIMEFE R Abhr R, RGWATREA S HITAS) 11, (B4R AT DUE F A 00077 4R B AN S A
£ (8] SR TRBIMIMER, KW 7RIS, B (14) /£ w R, 840501 w MR T
FH AR [FIR % 45 2 I 28 (1) 30 7%, Ho3) 715 HH Watanabe/Strogatz-ansatz[30,47) 3t H B 77 F%2 55 4 T H A
(Ott/Antonsen-ansatz & Watanabe/Strogatz-ansatz BJRHF], XN T IR ZANHHFE R A%, FEEw 535
I3 [8])

R, IR SRR L (48] hORF R [ ika ik, BB TR G, B A RIHEZ 5]
PR B B LR AR Y (R A0 KPR BR B, T A3 B P g 1)
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FIG. 4. Eigenvalues of the linearisation about a fixed point of 'ZJ-':. The inset shows a zoom of the main figure. Parameters:
p=06r=040==x/2-008 Aw = 0.005.

2.3 B. HEiBEEESRM
WAE, ERAR—MF, BEMAHARP vE, B (1) &N

do;

N N
- I . Vj .
E—w—l—N;sm(Gk—9j—o¢)+Nkz;:sm(9N+k—9j—a) (16)

FHUARSETT B (2). LA pv) T v 9B R [vo — Av, v + Av] BRI S BRI 30, 3K
e T AT RE

WD it ) (2~ e 2a?) (17)
% = —Q+ (uS + vS) cos(¢ + a) — (uC' + vC) sin(¢ + a) (18)
Hrp
S = /B sin[p(v, t)p(v)dv; C = /B cos|e(v, t)]p(v)dv (19)
o
C+iS = [ aw.p(w)iv (20)

B X [y — Av, v 4+ Av], FEANREBEERTELT, BIICERE T w=0. FEREDL (6) € XK Z A
P — e, THEESESH v KR WBIE (17)-(18) KWIAZ A, BE Av Ktgm, JA1E2E T 5, X5
K2 AR AL B 5 ot “AasE” IREIEMACRIRHEE S B 4 PR IR AEEARAL, B S R EHe
FAeho

FATAT LUK AN S E o B AT AN 04T, (EIAEBRATLR ST 18 P22 BRI IR 5 2% -
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FIG. 5. Q for fixed points of ([I7)-(18) describing chimera states. Solid: “stable”. Dashed: unstable. Parameters: p = 0.6,00 =
04,0 =x/2—0.08.

3 3.STUART-LANDAU #R3%38

HATIAEE & [11] /£ Stuart-Landau R THEMZE FORIAIR GRS, BMRTH—DNEREHR.

3.1 A. IEH5IE

NI TIREN
ax; . _ . 2 P al v
dt] —iw; X; +e 1{1—(1+(562) |1 X }Xj+e (N;Xk+N;XN+k (21)

Hrh, j=1,...,N H

N N
% = iw; X+t {1 — (1 + dei) ij|2} X +e i (;; ;XNM + % ;Xk> (22)
HF j=N+1,..,2N, HFEAD X; € C UK €6, a, u,v #RELSE MULRT—F, u REENIRERE, v
SRR MBS TRE . w; M [—Aw, Aw] ERIIIEI A6 P EEHLIE R .

6 Won T (21)-(22) MAREIREHORG], IRGEBE o HEO. GHUMEIBILE [25] F. ) FAITE ]
B2 RFEDM, WTAT—FIFMsk -, efElE L E e fmEaE s 25 o, due. £5 1 2R
FAT, T ARG SR B A IE w; Z AL A A B8 1 FIIRTF LA T — %Gt |,
HRTHEERMNSER, AR w; ERIRTSER B THMA R ETZE F, I H RSO 7 1) 3 5 e i 4 i
Sl 2685 50

BONIREHRE, 2 Xy =Y, j€1,., N, Hd Y, UMFIREES R s, RIER 2 R 0.



3 3.STUART-LANDAU #i&3% #% BT 3.1 A HEBAEE
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FIG. 6. A snapshot of a chimera state solution of 'J-'., showing the X; in the complex plane. The points are coloured
by their w; value. (a): population 1; (b): population 2. Parameters: N = 500,¢ = 0.05,d = —001,p = 0.6, = 04,0 =
w2 — 0.08, Aw = 0.01.

ik
i-ly poLly (23)
X == Xk and Y =— Yk 23
N k=1 N k=1
HATH -
L =iy + {1 (L4 06) [V} Y + e +0) (24)
T j=1,..., N HEHPEAIRTER L
% =iw; X; +e ! {1 — (1 + dei) |Xj|2} X, 4 e (uX + 1Y) (25)
XN j=1,...,N. HER 1 HH AR X; =re', RATEA
% =e ' (1—-7})r;+Re [e*i(o‘+¢f)(p)? + V}?)] =F (rj, ¢;. X, l/}) (26)
D00 oy 002+ 1 [ (R + 7)) = 6 (ry,0,. 8.7 ) (27)
dt T'j
BATIAEE N — oo HIEGANR. A (24) #E N
%(w, ) =iwY + e {1 — (1+6e) Y2} Y + e @(uY +vX) (28)

T [25,26) FRIFEEE, RAVBEEAR € EARE R o AT E T LML C(w) b, Zihdk b5 1E sk
R ¢ KfliR. WEAR] C(w) WA ¢ MR R(o,t;w), EX—m ERRGREELR P(),t;w). FE
R A1 P iyt R H

OR PPN ~ ~ .OR
oP 1o} PPN 0?
E(cb,t;w) = —%[P(éf),t;w)G(R, ¢, X, Y, w)] + DaszP(%t;w) (30)



3 3.STUART-LANDAU ¥ #& FHH=1 3.2 1. 4%

T RBEREVERERE, JAE (30) HIMA T AERYHL, 9808 DO [26] —#F). fEESERRT, ®ATH

27
X = P(¢, t:w)R(¢, t: w)e®dopd 31
/B p(w) / (6 ;) R(, t;w)e™ o (31)
il
Y = / (w,t)p(w)dw (32)
Hrfh B RIEEREE p(w) WFF. 2 (28)-(32) K —41 PDEs, @B 0#4. HER, (21)-(22) 1 TE
fIHEE vy FIERMEE X, — Xe FERAZR), FIENTAT RS E— e rin g, Hf Y(w,t) &

. BENBEI—ADLUEE Q Tk ibr 2, HARER (27) 1 w; A w; —Q, K (28) T w *?5%73
w— Qo

3.2 1. &8

AT (28)-(32) FATHUEAR 7y LLSRASRRE M. B 7 H R T — A nfl. ATER], R(o) X w KR
W5 (AR () P& MBIEER N 1075), 1 P(¢) X w MK, FRATEH 128 NSRRI ST B
FJESIL T 5061 [49] HRMSH. P(w) 7E [-Aw, Aw] LA, FAMEH 10 N AH Gauss-Legendre U
IIESEIL (31)-(32) WO w HIARSY, DRIUAEA w BB EEZ w, = Awz,, @ =1,2,..,10, HH 2, 52 10 Br
Legendre Z I3 Po(z) IR X TR w;, BATESEE —NMAEMNE SR P %ET 1/(Ag) 182 HTE HAh
R4 R B RS AR PAT R R T4, Hod Ag = 27 /128, ¢ &M EIFE [50].

e B — AN e AP HEZE, FHERBEIZHEZEF (28)-(32) MIFEEIRAS, 4 Aw HNR:, ATERIE 8.
[FEESE TTAL b, FRATE BIR0E Mre — M1 s O iR . ?%ﬂliﬁ%iﬂﬁ?ﬁ}ﬁ"]5%‘@%5"]%@@5 [25] HHY
Bl 3 1 [26] HRIE 5 AL, BIENTE SN ER (RER). ISEEESE R b B R A S R 5 8 715
1) R oy &EMREAE ¢, MRS 5 — AR  LF R RHEE N S P oy & 30 K.

FATA [25]) HRATE, WER Aw =0, SEIHESE— NN S0 P BIR R G R . IR 3 AE 8 i
ﬁj\?ﬁj, ﬁdl]ﬁi@“@ 9, Hai— M@ HEAERR, F—IMHAEFRR, A8B0E, SNHA R K%

Fo PHZHET R e L # A Takens-Bogdanov &, fEX—xi L, .?;%.E'Eﬁﬁzﬂjj%m%éﬁ%ﬁ
*/I\XX%F@HHE{E [51, 52]. WK 9 FraR, ERXRA R B2 — R E S R @ ih 4. AT EIX LL 55 (1) B
A FARR 2R X, AEEE ER BT R AR

3.3 B. EaipeamERRM
MAEERE v PR, FATK (21) BN

N N
dX; ) )
I = jwX; + e {1 — (1 + dei) yxjﬁ} X+ e (J‘\Lf S X+ ]”V—J S XN+k> (33)
k=1 k=1

dt

¥ j=1,2,..,N, FEFEERTER 2, M v — Av v + Av] BRSO TR v & u = 0.625 F
p=0.375(f16 =—0.01, a=pi/2—0.08), FAIM [25] FEniE, WHE Av =0, W e &FEFERIRAK
RIS Hopf 43 Xo 2 e = 0.03 B, B4i0 Av, FRAIE Av ~ 0.156 &RI— D73 X, FEXHA5r X
ZJ5, FAIERIE 10,

iR AE #5125 /Hopf 73 25 AHIE, H A ST AZ) s MRS — AN FRHEE, XA — X4 R EE
LR [51, 52 FATE BRI FIE XA RS (TE— ISR AR REZE P Y R 3 RAFE T 8%
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FIG. 7. Snapshot of a solution of

([3Z) for which ¥ is real. This solution is stationary in a coordinate frame rotating at

1 = 0.86678. (a): R(¢) for the 10 different values of w;, (b): P{&) for the 10 different values of w;. () and (d):

modulus

and argument of ¥, respectively, as functions of w. Parameters: e = 0,05, = —0.0L,p = 06,0 =04, 0 = 7/2 - 0.08, D =

1078, Aw = 0.01.
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FIG. 8. 0 as a function of Aw for fixed points (in a rotating coordinate frame) of (28)-(32) describing a chimera. Solid: stahle;
dashed: unstable. Parameters: e = 0.05,6 = —0.01,p = 0.6, = 04,0 = 7/2 — 0.08, D = 105,



3 3.STUART-LANDAU #i%#%

8
=
2

3.3 B. BEIEHE A OB F B

0.11

0.1
0.09
008 |

0.07

0.06

0.05

0.04

0.03

002 poies 0.017 0.0175 0.018

0.01 1 I I I I £ 1 1
0 0002 OO04 OOO6E 0008 OO1 0012 0014 0016 0018 002

Aw

FIG. 9. Saddle-node bifurcation curves (red and blue) and Hopf bifurcation curve (black) for fixed points of chimera solutions
of [28)-(32). The inset shows a zoom of the Hopf bifurcation curve. The chimera is stable to the left of and below the solid
curves, and above the Hopf bifurcation curve. Parameters: § = —0.01,u = 0.6, = 0.4, 0 = =/2 — 0.08, D = 1075,

0.07 T T T

0.06 | S

T
I
-~
1

0.05 T

0.04 Y :

0.03 .

0.02 7

0.01

D 1 1 1
0 0.005 0.01 0.015 0.02

Awv
FIG. 10. Saddle-node bifurcation (red) and Hopf bifurcation (blue) for fixed points of -. There is a stable stationary

chimera in the region bounded by the axes and the solid curves. There is a stable periodic chimera above the lower (solid blue)
Hopf bifurcation curve. Parameters: = —0.01, g = 0.625, g = 0.375,0 = 7 — 0.08, D = 1075, = 0.



4 HHER KURAMOTO BB

Ry R 23l o SR A AR E B LIRS A AE T 1 10 A ARl 2 A SOt 2R i BR S (1 X 8. B 1158
Hf St Hopf 70 XARMRATEE, BN T e SETRE W RMTER &K

ﬁTEﬁﬂﬁ%@Hbﬂ?e:Q%,k%AVMH¢ﬁE%E%5%%%iX QI T X AB R, —
PMEAZAATRERLE, —NRAEWA. 24 Av BN, B = MAREREE R A SIS Z ) Hopf
3 FAAARET . FrUAESRERAMIEL Hopf 70 XHHECZ 8], — A G A — DA FE R E, 57—
NP 2 e B, BN ATRERLER AR LN Hopf 703, ZARE. WR Av 8, X4
SE IS RS SE 70 B PR, SR — D AERE IR . FATIUHERL S /Hopf 7 X 4RIh 24
bR 2, (HAESUE LARMERR B EA

4 ABIEMH Kuramoto
PATMAEE E— 1 H N DNMEATMER Kuramoto k7PN FINZS, HAdx BA 7. %52

gith
sin (0(1 (1) a)
0P dol”

i i@ H : () (2) v : 1) (2)
Mg+~ =W NZsm <9j -0, —a) + N;sm <9j -0, —a) (35)

Jj=1

29 delY
Mg g T

+

EN: n (67 -6~ a) (34)

=[=

Il
N

2 \

J

=

Hepm & “FRE”, a,pv B, FAabsid TH. 2 m =0 H w;, HHEER, X E3] T Z Ao
(7,8]e 21 m =0 H w; NS Airbaksent, EWRE RS 2 TPt anE, M2 m # 0 H w; WNste2&o it
RN, B [13] TR AIE . XEEE R T B RS MIRG A SR AR M m #£ 0 H w; HER, 5
[14] HHIWT TS RAHE

7E [25] ORI, M m #0 H w; AHER, EEEL (34)-(35) FRBIFR T FFE 1k & FRIERT TS 7 72
I SEfr b (599) AEER. (35) MEWFFUELSETIRENS, SLhr B (89) AEER, fohid RRHEE ISR RE T
ERRREREE m KEINTRn. B, PR w; PR R VER X RRES B R A E  E R X R
RERE?

BAHETEES N
o
Tar " .
w® [ (1)+ﬂ§:‘. (60— o - )+”§:c (0~ 0 —a) |/ (37)
dt = wi U,L- N P Sin j i a N Pt Sin 7 i (67 m
IS
@ 38
at *
du® | O ﬂﬁ: ' (9(2) — 0 — )+ KXN: i (9(1) o - ) / 39)
dt = wi ui N pa Sin j i (] N 2 Sin J m

& 11 BIR T (36)-(39) HIARE A RS RIPIE, HAmMERM o, RE [-Av, Av] BRI S A &
&R, SR 1 RAEDIW, AR 2 ZRDM, 0; M u; #RE w; BTIEREL



4 HHEMER KURAMOTO

ERpAY]

(b)
576
574
4t
— 572
= L
2t 57
AR 568
0Lt 566
4 2 0 4 4 2 0o 2 4
:"'i * 10-3 wi . 10-3
(c) (d)
1 0.86678
0.5 . 0.8668 \
s 0 S5~ -0.86682
OB e -0.86684
HESIRE A RO - O
-1 0.86686
4 -2 4 4 2 0 2
x107 w 107

FIG. 11. A snapshot of a chimera state for -. Population 1 is on the left and population 2 is on the right. Note the
different vertical scales. Parameters: N =500, m = 0.1, p = 0.6, v = 0.4, @ = 7w /2 — 0.05, Awe = 0.004.

”)
L
1

4




4 HHER KURAMOTO BT

R T AHEEAORA, LB BB FERE 2 RESH, 0T 07 =05 u? =U, k=1,2,...

i CAERE 1 PSR BN, SEHE 2 PR T2

dOy
LA
e~ "
% = [w,(f) — Ui+ plm {e_i(e’“Jra)Y} +vIm {e‘i(@”a)X}} /m
/\EP’ 1 N 1 N
X:NZ:e5 eC, Y7N26 eC
j=1 j=1
SR 1 P IR T AL "
o ="
% = [wlil) —uy + plm {6_1(9k+“)X} +vIm {6_1(9"+“)Y}} /m
M k=1,...,N. AT E BT R IE I i, = 2+ we (II0 2 DNAFE rp
(RES) p
% - [w,(cl) —(ry —2) + pIm {e*i(GHQ)X} +vIm {6*1(9”0‘)}/}} /m
doy,
= F (i, 00, X, YouV) T8 = 1 =2

JNo FATE

(40)

(41)

(42)

(43)

(44)

= 0) FHIKR

(45)

(46)

XHRE RIS, O, A1 U, 7ERL Q LI MR R P i b. K (40) BBl BNXA RS R B A RXFEII TR R

Ao,
A1 (46)
dby,
E =Tk —-240Q= G(T‘m@mX,Y)
W N — oo, EATEEINE RS
OR OR
S0, tw) = F(R,0,X,Y.w) = G(R.0,X,Y) 57
oP 0 0?
E(e,t,W) = _%[P(a,t,W)G(R, Q,X,Y)] + pr(e,t,(.&.))
A 26
Al 5
a—(tj(w, t)=[w—-U+pIm {7y} + vIm {e T X}] /m
/\q:l 271—
X(t) = / p(w)/ P(0,t;w)R(0,t;w)e dodw
B 0
il

Y(t)—/ et (w)dw
B

H, B KX [-Aw, Aw].

(47)

(48)



5 JufBLERIRG A o T

4.1 A4

4.1 A.GER

S FEUNA m, Aw, D {8, TTUERE] (49)-(54) MIREIR AR, 141 [25] Fim, 45 D BAEE 1071, &
MRIUEATSEBR FRTIRRE . B Aw (B, TRATRIVEN RS 5 XAmih, Wi 12 fik. fEix
KA, KRR R TR, R (0 [25) BT, B m HOR, EAVRARI A TRE . ALl
e BT AR L R R AR A, (BT SG A ORI & R, TE A 12 B2
T S8 Aw TR . B2, 530k [25] —RE, X FHRERIZEL T (49)-(54) FHAIITEIRFI%,

B I 23 0 A P i 3% w B, MAFEAERGE RS 1A

0.08
0.07
0.06
0.05

E 004

0.03

0.02

0.01

10

Aw %1072

12

w107

FIG. 12, The red circles show a saddle-node bifureation, to the right of which solutions in which all oscillators in population 2
for — are locked do not exist. The colour 1s the real part of the rightmost eigenvalues determining the stability of the
chimera (truncated above 2 x 107%), which is always positive. Parameters: p = 06,0 = 04,0 = 7/2 — 0.05, D = 107", # is

discretised with 128 points and w with 10.

e, BATHRE TR R RIR G A R,

d;t" =y, (55)
Cily; =e(l-a))yi—zi+p[b (X1 —z) +e(Yi —y)] +v[bi (Xo—2) + (Yo — )] (56)
T i=1,2...,N
d;ti =i (57)
Wi (1= a2) =zt o (Fo— ) + ¢ (Fo—90)] + v [bs (% —22) + ¢ (B — 92)] (58)

dt



5 JUELRIRKIRY Fot

XFi=N+1,...,2N, H

o1 g N 1L o1 v
X1:N;l’i; Y1:N;yi; X2:N;xN+i§ %:N;ywﬂ (59)

MW, p LR G IR, v RS R AW o My RRTRIE . [4,12] HHIE T IXRE
XNWITRe, REAENRG &34 LA R G JATRE e =02, p=10.09, v=0.01, ¢=0.1, FE b; F
M, 1 [bo — Ab,bo + Ab] LN Aihik#FelT. B 13 Box 7 —4 00 =1, Ab=0.7 FRRERE
REBIT. SEHE 1R ANETI, TARRE 2 ZFEEPI. X TR 1ok, RIE, BAAR b KRG &0 T
NG

(a) (b)
2 M’,ﬁ"_fa‘m\\ 2 /—l
1.5 y)ﬂ 5
. §
L)
0.5 gf % 0.5
= 0 S = 0
g i
05 B f 05
% #
-1 i
5 i s d 15
}'w_.. e
2 st . 2
2 1 0 1 2 2 1 2
x .

FIG. 13. Snapshot of a stable chimera solution of --:j_ The oscillators are coloured by their b; value (blue low, yellow
high). (a}: population 1; (b): population 2. Parameters: p = 009, =0.01,e =0.2,c = 0.1, by = 1, Ab = 0.7, N = 5000.

RNT AT FORES, RSER 2 2FZPH, JHFHEXT i=1A, AA f1 BB &R . XEEmE 13(b) A

o RRIETAH
dX;

dt

v, (60)

i?:e(l—X?)n—Xi+u[bi(Xz X)) +c (Y2 n)]w[m(xl—xi)w(ﬁ—x)] (61)

XTTFREERE 1, FATME 13 (a) HEBHRTA T2 208 HE AW £ L, BrU R sh 2R, @IS r2 = 224-y?
M tant; = y;/z; 43 2; = ricost; M y; = risint;

d,L- id:ri+ 1% = = U \/

r = M =F (TiaeiaXla}/laX%YQ)bi) <62)

dt T

df;  a,de — oy,

o _w—g(n,eﬂxl,n,%%,b) (63)
rs

(2

Hrt da;/dt I dy;/dt B (55)-(56) 4 th. BUELEKIR, FIE3071R%

%(eata b) =F (R797X171713X27}727b) - G (R797X17Y17X27172,b) (‘27? (64)
aP ) o Pe



6 Wik B

I OX(bt) (66)
ot
HOD - x)yY Xt up (K= X) (T ¥)] 40 (K- X) te(T-V)]  (67)
Sof N 2
X, = /B / P(6,;)R(6,t: b) cos 0dfdb; Y, = /B /0 P(8,;b)R(6, t; b) sin 0d0db (68)
Al

XQ:/X(b,t)db; YQ:/Y(b,t)db (69)

He B 2K [by — AB, by + ABJ.

EANRG AL PRGN EEX R, RATAREE NI AR R, X MY 2
WH P, ARG AR (64)-(69) . FATAE Oy I S S Ja AR EAT BB e 2, R %
fii# i) Floquet 3[R/ HAwE . BABE 7K 14, ERTRATVER], BEE Ab G, FasE i E
FRAERE LS 73 T P BOR . 538 A =T R RGEAR, XA RGP RE ke e HIERER, BAUbr
BT AR T Floquet 3%,

628 T T T T T

627 F 1

o
]
iy
T
\
|
\
\
1

o

ha

Ll
T

N\
\
1

— e e =

622 1 1 1 1 1
04 0.5 0.6 0.7 0.8

Ab

FIG. 14. Period of the periodic chunLn solution of | .1 .1 Solid: stable; dashed: unstable. Parameters: p = 0.09, v =
0.01,e=0.2,c=01,by =1, 0 =10"". ¢ is discretised in 128 points and b in 10.

6 1Tt
TR 18 T B R R T TR B IO 28 ch B e o ZERE N T, MBI A L B AN S
T SRR A, MRS RO R ARFE I A R SRR e, IR IR S SR O [R5, R R T LA bR



6 Wik BT =0

o TRATCIIIN TR T AR R, % [25] B GHE B AR R A . EFPERIL T, RATRIBEY
SYOMAFEIE IR, 02 RAE RS 5 SUR BERR . TRATILAE W 35K 5L 175 0 0 LAV

HARTRAT— A A SR RN, AL E A S . fl, UIBR (1)-2) W% AE, 3t
AL wy BUE [wo — Aw,wo + Aw] ERIEAISAG, TiH v BEEE [ — Av,vo + Av] LSS5, W% 2
Wk, B 15 PRI T MRS IR A R R . ROTERERE 1 AT, TR 2 B
. SRR T, B 2 IR TARA T DU UL (w, v) € [wo — Aw, wo + Aw] X [vo — Av, v+ Av] L
BB (o, v, ) T3E, THSEBE 1 sPEOHR TR TT U (w, ) AR EE 9 O A B a(w, v, €) SR UL
RGBT FoA o B M — TR 2 50 I 44 T 9 T 5 2

(a) (b)

» 0395 5 w0395 .5
i “i ] “i
FIG. 15. Snapshot of a chimera state for a network of the form @-. (a): population 1; {b): population 2. The colour

shows the values of the #;, with different ranges in the two panels. Parameters: p = 0.6, = 0.4, Ap = 0.005, wn = 0, Aw =
0.004, 5 = 0.08, N = 5000.

%**ﬁlﬁfﬁﬁﬁ%é@@ﬁwjiﬁZl‘ETJE'HFEFfL‘ B B, AT LA
N
w §:$n é%}:Aﬂﬁn@NM—ﬁj—a) (70)
k=1

5 (2) K, K A EﬁZlEﬂE‘JJ@L%Ef@F: R —AHEF IR A kRS DT RIRG A . Ak =1,
B Ay =0 (EZRTLREN, Freh A RUFRK. )(d) 2 THEE, (d) =3, Ajr/No WRMLZEE
BOERENLEEAT I, IF AR IR 4 5 28 2 ARG A 4%, RATRT BLREATIEAU [53].

N N
1 . d; _
@ ;Ajk sin (Onir — 0, — ) = W ;sm (Onik —0; — @) (71)

Ko, d; RIRGE IO 4 = S0, A B, W05 2 35Tk, A —NEEGEE S IE A v [EEE
XPB) SRR R E . T 558 2 TR g AT e, BRAME A ECE R [54) MM ZE, HEEHAAE
[do — Ad,do + Ad] M4 v =04 ER—FH. WK 5 Frox, Av BIXRNAEN Av = v (Ad/dy) = 0.4(Ad/dy),
BiIFEE, Ad M dy #EEL.

FA1MIE N = 5000, do 2N 1000 2% 2000 1ML, HAEKRMITIE (70), WIMGFRMETIRAARIRE . 34T
JE T R (BREEA[FAS) SR I FLS T 24

(72)

1 N
_ |2 i0;
szle




6 Tt it ol /11

(BFAZ5) M 300 NI R AIARHER ZE o 1ZAndEdi 2 2 I 7E ] 16 h Rt Bl fE b, 1ER do AN
{8 0.4 (Ad/do) WIREL. 4 0.4 (Ad/dy) £ 0.011-0.012 B, FRATE BUbsvHE 22 38 0, R0 [R5 ik ok 2
TR, X5E 5 AEE - TR, HAJUEETR T X TR RRE R, X5 L T
M/ T AR [55-57].

10'3 I T T T T T
—&—d,=1000
& d,=2000

1074 ¢

10°F

sid. dev.

10 |

0 0.002 0004 0006  0.008 0.01 0012 0014
0.4(Ad/dy)

107

FIG. 16. Standard deviation of the order parameter as a function of the width of the degree distribution, Ad. Parameters:
p=06r=04,w=07=008 N =35000.

X BRI SREE T AR SIS BN S A, IO TIESER SRS RIAH Rk, BATBEHE T
HAMRARSER g 734 T g oA, HEAEFNSE « £ (20 — Az, z0 + Az] ERDATE p(x) L

i ) )
plz) = (1 - x;;“) (1 + x;f’) (73)
Hrp o ZIIRSH AR5 R - ae IRARZKRAR [58] 18I « EMIAR . BATHOE o =2, IFEM 10 miE
Hitt. BRI ATRIET A S5 R B A (RI7R) BEATEPE RS
BRI RE 14 A A 2 18] AT A IEROEIE ME I W 2%, (B 617 RS R AR E LR SR IR HES RN
bE, S ARSI TR R 4 B AR TR B (BRI ER ) [59] TR R E AN TSR 45 10 2)) 1) 2

W(z,y) = {a, (z,y) €0,1/2] x [0,1/2] or (z,y) € [1/2,1] x [1/2,1] -

b, otherwise

Hrbra M0 —HEELD < o WRAEH LA/ R BCRBEAT 3R , 5 522 S HGE 5 7045 1 - 4] 5 6445 Erdos-Rényi
W2, FLrp e P BORE 2 TR IR G 43 R 9 8 (E/ T 1) A Paley & [60]

ALLF- BT DAHES A SO S I EAOKRAT SUAR R Al & — R 730 _ERIR G4 [4,16]. SR80, BEAABUE IR 4R
Hi ODE filiif, 5#b4ki akt thm i) iR filid, (HAATR ZRIE (BE S E ) X IRG a4l 2 18 1A 5, LA
WA 2 ODE Bl PDE K LREMLE MBI 5. oh, XEUR G E SN s).



7 %k B ot+HR

7 SEEL

[1] Mark J Panaggio and Daniel M Abrams. Chimera states: coexistence of coherence and incoherence
in networks of coupled oscillators. Nonlinearity, 28(3):R67, 2015.
[2] O E Omel’chenko. The mathematics behind chimera states. Nonlinearity, 31(5):R121-R164, apr 2018.
[3] Daniel M. Abrams and Steven H. Strogatz. Chimera states in a ring of nonlocally coupled oscillators. Int.
J. Bifn. Chaos, 16:21-37, 2006.
[4] Iryna Omelchenko, Anna Zakharova, Philipp H ovel, Julien Siebert, and Eckehard Sch oll. Nonlinear-
ity of local dynamics promotes multi-chimeras. Chaos: An Interdisciplinary Journal of Nonlinear Science,
25(8):083104, 2015.
[5] Carlo R Laing. Chimeras in two-dimensional domains: heterogeneity and the continuum limit. SIAM
Journal on Applied Dynamical Systems, 16(2):974-1014, 2017.
[6] Mark J Panaggio and Daniel M Abrams. Chimera states on the surface of a sphere. Physical Review E,
91(2):022909, 2015.
[7] Daniel M. Abrams, Rennie Mirollo, Steven H. Strogatz, and Daniel A. Wiley. Solvable model for chimera
states of coupled oscillators. Phys. Rev. Lett., 101:084103, 2008.
[8] Arkady Pikovsky and Michael Rosenblum. Partially integrable dynamics of hierarchical populations of
coupled oscillators. Phys. Rev. Lett., 101:264103, 2008.
[9] Mark J Panaggio, Daniel M Abrams, Peter Ashwin, and Carlo R Laing. Chimera states in networks of
phase oscillators: the case of two small populations. Physical Review E; 93(1):012218, 2016.
[10] Y. Kuramoto and D. Battogtokh. Coexistence of Coherence and Incoherence in Nonlocally Coupled Phase
Oscillators. Nonlinear Phenom. Complex Syst., 5:380-385, 2002.
[11] Carlo R Laing. Chimeras in networks of planar oscillators. Physical Review E, 81(6):066221, 2010.
[12] Stefan Ulonska, Iryna Omelchenko, Anna Zakharova, and Eckehard Sch oll. Chimera states in networks
of van der pol oscillators with hierarchical connectivities. Chaos: An Interdisciplinary Journal of Nonlinear
Science, 26(9):094825, 2016.
[13] Tassos Bountis, Vasileios G Kanas, Johanne Hizanidis, and Anastasios Bezerianos. Chimera states in a
two population network of coupled pendulum-like elements. The European Physical Journal Special Topics,
223(4):721-728, 2014.
[14] Simona Olmi. Chimera states in coupled kuramoto oscillators with inertia. Chaos: An Interdisciplinary
Journal of Nonlinear Science, 25(12):123125, 2015.
[15] Simona Olmi, Antonio Politi, and Alessandro Torcini. Collective chaos in pulse-coupled neural networks.
EPL (Europhysics Letters), 92(6):60007, 2011.
[16] Iryna Omelchenko, Oleh E. Omel’chenko, Philipp H ovel, and Eckehard Sch oll. When nonlocal cou-
pling between oscillators becomes stronger: Patched synchrony or multichimera states. Phys. Rev. Lett.,
110:224101, May 2013.
[17] ITrmantas Ratas and Kestutis Pyragas. Symmetry breaking in two interacting populations of quadratic
integrate-and-fire neurons. Phys. Rev. E, 96:042212; Oct 2017.
[18] Anna Zakharova, Marie Kapeller, and Eckehard Sch oll. Amplitude chimeras and chimera death in dy-



7 %k i a1}

namical networks. Journal of Physics: Conference Series, 727:012018, jun 2016.

[19] Matthias Wolfrum and Oleh Omel’chenko. Chimera states are chaotic transients. Physical Review E,
84(1):015201, 2011.

[20] S. Shima and Y. Kuramoto. Rotating spiral waves with phase-randomized core in nonlocally coupled
oscillators. Physical Review E, 69(3):036213, 2004.

[21] Daniel M. Abrams and Steven H. Strogatz. Chimera states for coupled oscillators. Phys. Rev. Lett.,
93:174102, 2004.

[22] Edward Ott and Thomas M. Antonsen. Low dimensional behavior of large systems of globally coupled
oscillators. Chaos, 18:037113, 2008.

[23] Edward Ott and Thomas M Antonsen. Long time evolution of phase oscillator systems. Chaos: An
interdisciplinary journal of nonlinear science, 19(2):023117, 20009.

[24] Carlo R Laing. The dynamics of chimera states in heterogeneous kuramoto networks. Physica D: Non-
linear Phenomena, 238(16):1569-1588, 2009.

[25] Carlo R Laing. Dynamics and stability of chimera states in two coupled populations of oscillators. Phys-
ical Review E, 100(4):042211, 2019.

[26] Pau Clusella and Antonio Politi. Between phase and amplitude oscillators. Phys. Rev. E, 99:062201,
Jun 2019.

[27] Mark R Tinsley, Simbarashe Nkomo, and Kenneth Showalter. Chimera and phase-cluster states in pop-
ulations of coupled chemical oscillators. Nature Physics, 8(9):662, 2012.

[28] Erik Andreas Martens, Shashi Thutupalli, Antoine Fourri ere, and Oskar Hallatschek. Chimera states in
mechanical oscillator networks. Proceedings of the National Academy of Sciences USA, 110(26):10563-10567,
2013.

[29] Jan Frederik Totz, Julian Rode, Mark R Tinsley, Kenneth Showalter, and Harald Engel. Spiral wave
chimera states in large populations of coupled chemical oscillators. Nature Physics, 14(3):282-285, 2018.

[30] S. Watanabe and SH Strogatz. Constants of motion for superconducting Josephson arrays. Physica. D,
74:197-253, 1994.

[31] E. A. Martens, E. Barreto, S. H. Strogatz, E. Ott, P. So, and T. M. Antonsen. Exact results for the
kuramoto model with a bimodal frequency distribution. Physical Review E, 79:026204, 2009.

[32] Steven H Strogatz and Renato E Mirollo. Stability of incoherence in a population of coupled oscillators.
Journal of Statistical Physics, 63(3):613-635, 1991.

[33] Kevin M Hannay, Daniel B Forger, and Victoria Booth. Macroscopic models for networks of coupled
biological oscillators. Science advances, 4(8):e1701047, 2018.

[34] Julio D da Fonseca, Edson D Leonel, and Hugues Chat e. Instantaneous frequencies in the kuramoto
model. Physical Review E, 102(5):052127, 2020.

[35] Bastian Pietras, Nicol as Deschle, and Andreas Daertshofer. First-order phase transitions in the kuramoto
model with compact bimodal frequency distributions. Physical Review E, 98(6):062219, 2018.

[36] Diego Paz o. Thermodynamic limit of the rst-order phase transition in the kuramoto model. Physical
Review E, 72(4):046211, 2005.

[37] Yernur Baibolatov, Michael Rosenblum, Zeinulla Zh Zhanabaev, and Arkady Pikovsky. Complex dynam-



7 %k B ot+tm

ics of an oscillator ensemble with uniformly distributed natural frequencies and global nonlinear coupling.
Physical Review E, 82(1):016212, 2010.

[38] Bertrand Ottino-L o er and Steven H. Strogatz. Kuramoto model with uniformly spaced frequencies:
Finite-n asymptotics of the locking threshold. Phys. Rev. E; 93:062220, Jun 2016.

[39] Sebastian Eydam and Matthias Wolfrum. Mode locking in systems of globally coupled phase oscillators.
Phys. Rev. E, 96:052205, Nov 2017.

[40] G Bard Ermentrout. Synchronization in a pool of mutually coupled oscillators with random frequencies.
Journal of Mathematical Biology, 22(1):1-9, 1985.

[41] EV Rybalova, TE Vadivasova, GI Strelkova, Vadim S Anishchenko, and AS Zakharova. Forced syn-
chronization of a multilayer heterogeneous network of chaotic maps in the chimera state mode. Chaos: An
Interdisciplinary Journal of Nonlinear Science, 29(3):033134, 2019.

[42] Carlo R. Laing. Chimera states in heterogeneous networks. Chaos, 19:013113, 2009.

[43] Ernest Montbri o, J urgen Kurths, and Bernd Blasius. Synchronization of two interacting populations
of oscillators. Phys. Rev. E, 70:056125, 2004. [44] Carlo R. Laing. Numerical bifurcation theory for high-
dimensional neural models. The Journal of Mathematical Neuro- science, 4(1):1-27, 2014.

[45] Willy JF Govaerts. Numerical methods for bifurcations of dynamical equilibria. STAM, 2000.

[46] G Bard Ermentrout and John Rinzel. Beyond a pacemaker’s entrainment limit: phase walk-through.
American Journal of Physiology-Regulatory, Integrative and Comparative Physiology, 246(1):R102-R106,
1984.

[47] S. Watanabe and S.H. Strogatz. Integrability of a globally coupled oscillator array. Physical Review
Letters, 70:2391-2394, 1993.

[48] Xiyun Zhang, Hongjie Bi, Shuguang Guan, Jinming Liu, and Zonghua Liu. Model bridging chimera state
and explosive synchronization. Physical Review E, 94(1):012204, 2016.

[49] Lloyd N Trefethen. Spectral methods in MATLAB, volume 10. Siam, 2000.

[50] Bard Ermentrout. Gap junctions destroy persistent states in excitatory networks. Physical Review E,
74(3):031918, 2006.

[51] J. Guckenheimer and P. Holmes. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields. Springer, 1983.

[52] Y.A. Kuznetsov. Elements of Applied Bifurcation Theory. Springer, 2004.

[53] T.W. Ko and G.B. Ermentrout. Partially locked states in coupled oscillators due to inhomogeneous
coupling. Physical Review E, 78(1):016203, 2008.

[54] Mark EJ Newman. The structure and function of complex networks. STAM review, 45(2):167-256, 2003.
[55] Simona Olmi and Alessandro Torcini. Chimera states in pulse coupled neural networks: the in uence of
dilution and noise. In Nonlinear Dynamics in Computational Neuroscience, pages 65-79. Springer, 2019.

[56] Carlo R Laing, Karthikeyan Rajendran, and Ioannis G Kevrekidis. Chimeras in random non-complete
networks of phase oscillators. Chaos: An Interdisciplinary Journal of Nonlinear Science, 22(1):013132, 2012.
[57] Bo Li and David Saad. Chimera-like states in structured heterogeneous networks. Chaos: An Interdisci-
plinary Journal of Nonlinear Science, 27(4):043109, 2017.

[58] https://people.sc.fsu.edu/ jburkardt/m src/gegenbauer rule/gegenbauer rule.html.



7 %k %ot )\

[59] L aszl o Lov asz and Bal azs Szegedy. Limits of dense graph sequences. Journal of Combinatorial Theory,
Series B, 96(6):933-957, 2006.

[60] Hayato Chiba, Georgi S Medvedev, and Matthew S Mizuhara. Bifurcations in the kuramoto model on
graphs. Chaos: An Interdisciplinary Journal of Nonlinear Science, 28(7):073109, 2018.



Temporary page!

I¥TEX was unable to guess the total number of pages correctly. As there was some unprocessed data that
should have been added to the final page this extra page has been added to receive it.
If you rerun the document (without altering it) this surplus page will go away, because ITEX now knows

how many pages to expect for this document.



	引言【INTRODUCTION】
	KURAMOTO相位振荡器
	A.分布频率
	1.结果
	B.群间耦合强度异质性

	3.STUART-LANDAU振荡器
	A.非均匀频率
	1. 结果
	B.群间耦合强度异质性

	有惯性的Kuramoto
	A. 结果

	范德堡尔振荡器
	讨论
	参考文献

