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We studied the effects of using fractional order proportional, integral, and derivative (PID) controllers
in a closed-loop mathematical model of deep brain stimulation. The objective of the controller was to
dampen oscillations from a neural network model of Parkinson’s disease. We varied intrinsic parameters,
such as the gain of the controller, and extrinsic variables, such as the excitability of the network. We
found that in most cases, fractional order components increased the robustness of the model multi-fold
to changes in the gains of the controller. Similarly, the controller could be set to a fixed set of gains and
remain stable to a much larger range, than for the classical PID case, of changes in synaptic weights that
otherwise would cause oscillatory activity. The increase in robustness is a consequence of the properties
of fractional order derivatives that provide an intrinsic memory trace of past activity, which works as
a negative feedback system. Fractional order PID controllers could provide a platform to develop stand-

alone closed-loop deep brain stimulation systems.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Deep brain stimulation (DBS) is widely used to treat multiple
pathological conditions [11,30,35,43,49]. DBS consists in implant-
ing a multi-contact lead to one or different parts of the brain to
deliver brief electrical pulses. Recent evidence shows that closed-
loop systems can provide better treatments to pathologies such
as Parkinson’s disease [29,63]. However, changes in the conditions
of the implant or the intrinsic dynamics of the neuronal popula-
tion can change over time; thus, reducing the effectiveness of the
treatment. Therefore, it is important to develop techniques that al-
low closed-loop systems to be robust to intrinsic changes, such as
changes in the conductance of the electrodes; or extrinsic, such as
changes in the excitability of the neural network it aims to control
[14,21,23,31,47].

Outside the field of DBS there is an emerging field within
closed-loop control theory that uses fractional order dynamical
components [65]. Fractional order dynamics uses derivatives and
integrals with non-integer order [8]. Fractional order models are

* Corresponding author.
E-mail address: fidel.santamaria@utsa.edu (F. Santamaria).

https://doi.org/10.1016/j.chaos.2020.110149
0960-0779/© 2020 Elsevier Ltd. All rights reserved.

used to study systems in which the complex interactions of its
elements result in no specific time constant dominating the dy-
namics [6,39,60]. A characteristic of fractional order systems, and
in contrast to integer order integro-differential equations, is that
they have what is known as an ‘intrinsic memory’. The intrinsic
memory trace arises from the non-local properties of the frac-
tional order operator. From a control system perspective, the in-
trinsic memory trace is a negative feedback mechanism that re-
acts fast to sudden changes while allowing long-term adaptation
[7,36,81]. Moreover, there is increasing evidence that fractional or-
der closed-loop systems are ideal to control complex processes and
machinery [4,19,69,74]. Because of these properties, we hypothe-
sized that fractional order controllers could provide a flexible and
robust framework to implement closed-loop DBS systems.

In this work, we implemented a proportional, integral, and dif-
ferential (PID) controller with fractional orders to regulate the fir-
ing rate activity in a mathematical model of DBS of Parkinson’s dis-
ease. A fractional PID controller is the generalization of the classi-
cal PID controller, but involving fractional order integro-differential
elements [20]. Several studies have shown the effectiveness of
closed-loop controllers applied to biomedical problems, from drug
administration treatments [5,52,53,67,68], to dynamical disorders
of the brain related to abnormal activity, such as epilepsy and
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Parkinson’s [26,28,48,62,73]. The use of fractional order PID con-
trollers has been shown to provide improved performance than in
the classical cases [27,69]. In this work, we show that the fractional
controller dampens the pathological oscillatory behavior over a
wider range of synaptic and controller parameters compared to the
integer-order controller. Furthermore, we show that the controller
is robust to random changes in synaptic parameters, thus allowing
the dynamical control of the oscillation under changes in intrinsic
conditions. Since the properties of the fractional order controller
are independent of the nature of the oscillations we suggest that
this approach could be used to implement robust DBS for Parkin-
son’s disease and other pathological conditions.

The manuscript is organized as follows. Section 2 provides the
fractional order calculus definitions used in this work. Section 3
describes the mathematical model and the fractional order PID
controller design. Section 4 presents a Lyapunov-based stability
analysis of the mathematical model with the fractional PID con-
troller. Section 5 shows the numerical method used to compute
the fractional integral and fractional derivative. Section 6 presents
the results obtained in this work. Finally, Section 7 presents a dis-
cussion and point to potential avenues for implementation.

2. Fractional calculus definitions

There are multiple definitions of fractional order derivative and
integrals. Some of them only apply to one but not the other. Be-
cause we required to compute derivatives and integrals in this
work we decided to use the Riemann-Liouville definition that ap-
plies to both operators [9,44].

Let f:(0,00) — R be a continuous function. Then the integral
operator in the Riemann-Liouville sense is defined as follow of or-
dero > 0, @ € R is given by [38]

) = gy e | F0E = e -0 M
0

where I'(-) is the Gamma function. If « € Z, then the above integral
is defined as in the classical case.

Let B > 0 and m =[B]+ 1. Then the Riemann-Liouville frac-
tional derivative of order S is

1
F(m-p)
if B €7, then the above derivative is defined as in the classical

case. The Gamma function is defined as

o)

[z = /tz’l exp (—t)dt (3)
0

t
BDPf(t) = s [fone—mmstane=0 @)
0

3. Mathematical model of Parkinson’s disease in the basal
ganglia

Parkinson’s disease is characterized by difficulty in the initia-
tion of movement believed to be caused by abnormal firing rate
oscillations in the beta range, ~12.5 Hz to 30 Hz, in the activ-
ity of the neurons within the basal ganglia [12,33,51,56,64]. DBS
consists in implanting a multi-contact lead, in either the ventral
thalamus, the internal segment of the globus pallidus (GP), or
the subthalamic nucleus (STN) and applying short-duration stim-
uli at a constant high frequency [25,50]. The parameters of the
stimulation are usually fixed with only sporadic manual adjust-
ments [2,10,41,42,58,64]. We based our study on a previously pub-
lished model to study Parkinson’s disease [33,54,56]. The model
implements a circuit of the basal ganglia with connections be-
tween the GP, STN, Striatum, and the cortex, Eq. (4) and Fig. 1. Let

Table 1
Network parameters.

Parameter  Value Description

Ssg 6 ms Delay STN—GP

Bgs 6 ms Delay GP—STN

Ogg 4 ms Delay GP—GP

Ts 6 ms Reaction time STN

Tg 14 ms Reaction time GP

M 300 spk/s  STN maximum firing rate
B 17 spk/s STN resting firing rate
Mg 400 spk/s GP maximum firing rate
B, 75 spk/s GP resting firing rate

Vs 27 spk/s Cortical input to STN

Vg 2 spk/s Striatal input to GP
Table 2

Synaptic weights in healthy and disease states.

Parameter  Healthy  Disease  Connections
Wgs 1.12 10.7 GP—STN

Wsg 19.0 20.0 STN—GP

Weg 6.60 123 GP—GP

Wes 242 9.2 Cortex—STN
Wxg 15.1 1394 Striatum— GP

R, =[0,00), then the model is given by
d
T STN() = =STN(D) + F(~0gGP(t — 8gs) + wests + (D))
d
rgaGP(t) = —GP(t) + E(—wsgSTN(t — b5g) — weggGP(t — 8gg)
+ Wgglg) (4)

where STN(t) and GP(t) are the firing rate of the STN and GP, re-
spectively. The functions Fs and Fg are

o M
o (e

(5)
F = Ms

where x is the input as shown in Eq. (4). The rest of the parameters
are described in Table 1.

The function u(t) represents the input of the controller. In the
classical case, we use a PID controller given as

t
u(t) = Kpe(t) + K; / e(t)dr +I<D%e(t) (6)
0

where Kp, Kj, and Kp are the gains of the proportional, integral, and
differential components, respectively. The error function is defined
as

e(t) = STN,; — LFP(t) (7)

where STNy is the target firing rate for the STN. The function LFP
represents the local field potential in the GP, which receives inputs
from the STN and Striatum. Since in the model, the striatum pro-
vides a constant input then we simplify this to be

LFP(t) = wSTN(t — 8s5) (8)

which is the weighted delayed activity of the STN (see Eq. (4)). The
output of the controller is then injected into the STN.

Parkinson’s disease condition requires changes in the synaptic
weights between the STN and the GP, the striatum and the GP, and
the cortex and the STN [33], see Table 2.
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Fig. 1. Basal ganglia model and a closed-loop control system. The firing rate network model is composed of the striatum, cortex, Globus Pallidus (GP), and sub-thalamic
nucleus (STN). The controller is composed of an electrode that monitors the local field potential (LFP) in GP and a stimulation electrode, u(t), in the SNT. The controller is set
to maintain the firing rate of the STN to a set point (STNd), by calculating an error function, e(t). The feedback is calculated using a proportional, integrator, and differential
controller with fractional order integration (o) and differentiation (8). The dynamics of the model depend on synaptic weights (wgs, @sg, Wgg Wxg @cs) and propagation
delays (8gg, 8gs, 5¢). Synapses marked with —  are excitatory and with e are inhibitory. See text for details.

In this work we generalize the classical PID controller to a fractional order controller which is characterized by the order «, for the
integral; and B, for the differential components, then Eq. (6) results as

u(t) = Kee(t) + K e(t) + KpR'DP e(t) (9)

where operators ’SLI;" and SLDf represent the fractional integral and the fractional derivative in the Riemann-Liouville sense, respectively.
The exponents « and B are the order of the integral and derivative, respectively [59,60]. If « = 8 = 1 the controller is identical to Eq. (6).
Finally, the controlled system given in Eq. (4) with the fractional PID controller given in Eq. (9) takes the form

d

T STN(6) = =STN(t) + 1-;( WgsGP(t — 8g5) + wesVs + Kpe(t) + KR e (t) + 1<D§LDfe(t).)

(10)
d
rgEGP(t) = —GP(t) + F(—wscSTN(t — 85g) — wggGP(t — Sgg) + WggVs)
Based on the basic properties of fractional calculus [60], the fractional integral and derivative of the error result as
STNyt*
Rljgppy — 21 _77/ t—n)*'d
(11)

5 B STNy - 1 i e(n)
5LDI e(t)_ F(]_ﬂ)tﬁ F(m ﬂ)d ./ (t—ﬂ)ﬂd'7

4. Lyapunov-based stability analysis

In this section, we will present a Lyapunov-based stability analysis of the system given in Eq. (4) with the fractional PID controller
given in Eq. (9).

Denote by § = max{0gs, 8sg. 0gg}. and let for t > 0, x; € C[[-3, 0], R] is defined by x;(y) =x(t+y), -6 <y <0. Let

ft. @, ) = —@(t) + Fs( Wesr + wests + Kpe(t) + KR e (t) + KpRDP e(t))

(12)
8(t, e, Pr) = —P(t) + Fo(wsgpr — Wggs — xgly)
and (STN(t), GP(t)), be a solution of (7) with initial data
STN(t: 0, o, o) = @o(t), —d=<t=<0 (13)
GP(t; 0, ¢o, o) = ¢o(t), -8 =<t=<0
where ¢q, ¢ are continuous functions on [—§, 0].
Let denote the GP, the state corresponding to STNy. Consider the Lyapunov-like functions
V(t,STN, GP) = |STN — STNy4| + |GP — GPFy| (14)
We will evaluate the derivative of the continuous function V with respect to system given in Eq. (4) defined as
. 1
DyV(t.@(t). ¢(t)) = Jim sup[V(E+h. @ (6) +hF(E @ ¢). G (O) +hg(t. ¢r. ¢)) = V(E @ (O). ()] (15)
For the sigmoid activation functions Fs and Fgthere exists positive constants Ls and Lg see [34] such that
F(x) — K <Llx—-y
[Fx) = EW)| < Ls|x - y| (16)

[F(x) = FE()| < Lglx — y|
for all x,y e R, x #y and we also have that F;(0) =B; >0, F(0) =B;>0.
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Then for t > 0,and for any ¢ € C[[t —6,t],R], ¢ € C[[t —5,t],R] such that V(t +y, @t + V), Pt +y)) <V(t,@(t),d(t)), y €[-4,0),
we have

1
DIV(t. 9 (). ¢ (1)) = (—7 +A)V (.9 (). $ (1)) (17)

1 cr1 1
where — 1 = mm{? ?} and

WesL Wegl 1 D l
A=max{ 22 + 8% .| —L| K + K +K L 18
{ T ‘L’g sg T P IF() D _:3) ( )

where I. and D, are constants that will allow to estimate and control the reference gain from the fractional integral and fractional deriva-
tive terms.

If % > A, then DFV (¢, ¢(t), ¢(t)) <0, and according to the theory of delayed systems [32], the state (STNy, GPy) is stable. If, in addition,
there is a ¢ > 0 such that %—A >c> 0, then Dj{V(t,(p(t),qﬁ(t)) < —cV(t, (t),d(t)), which will guarantee the exponential stability.
Similar results for fractional order systems are presented in [70-72]. Note that, for such systems the notion of Mittag-Leffler stability
generalizes the exponential stability concept.

The Lyapunov-based stability analysis indicates that the behavior of STN(t) and GP(t) could be controlled and synchronized. However,
the condition % —A > c > 0 is very restrictive. Moreover, to evaluate the effect of adding fractional order integral and derivative elements
in the controller and reduce A, numerical simulations for different values of o and B are conducted in the next section.

5. Numerical solution of fractional order derivatives and integrals

While the Riemann-Liouville definition is used for analytical calculus the Grunwald-Letnikov is commonly used for numerical calculus
[57,60], this definition is formulated as

t/h
GDLf(©) =lim - Z( 1) <3>f(t —jh) (19)

where j is the time increment, 8LD9 is the fractional operator in the sense of Grunwald-Letnikov, and 6 € R. For order 6 < 0 this is the

fractional integral (0 = «), and for 6 > 0 is the fractional derivative (6§ = ). For binomial coefficients calculation, we can use the relation
between Euler's Gamma function and factorial, defined as

0 re+1
L) = = - 20
(J) rGg+nHr@-j+1) (20)
Then, a fractional differential equation expressed as
6D f(t) =g(f(t).t) (21)

can be solved numerically as [79]

k
ft) = ftieh” =" f(tej) (22)

j=1

& (1 - lje)cﬂ (23)

With 69 =1, and h is the time step, when 6 is negative represents the fractional integral [17,39]. The second part of Eq. (22) is called the
1ntr1n51c memory trace. We implemented the entire system in Matlab (Natick, MA). All simulation scripts are available at www.utsa.edu/
SantamarialLab and github.com/SantamariaLab.

6. Results

A general challenge in any closed-loop DBS system is to implement algorithms that change the stimulation parameters in response
to changes in the conditions of the implant or the activity of the monitored neural network. Here, we take a different strategy by using
fractional order controllers. Fractional order controllers provide an intrinsic negative feedback process of previous activity that results in
highly flexible modulators of complex systems. To test whether fractional order controllers could be applicable to closed-loop DBS we
performed a modeling study of a basal ganglia network in normal and Parkinson’s conditions [16]. The normal state of the neural network
is when the STN and GP have a stable firing rate (Fig. 2A, t < 0). A change in the synaptic parameters (Table 2) results in pathological
oscillatory firing rate activity in the beta range (12 Hz) in both areas (Fig. 2A, t > 0). We first implemented a proportional controller
characterized by the gain Kp, with K; = Kp = 0. We performed a parameter space sweep of the values of Kp to determine the range in
which the proportional controller dampened the oscillations. The system was considered under control if the firing rate of the STN was
within 10% of the target firing rate (22 Hz) in the last 0.2 s of a 2.5 s long simulation. This resulted in a range of values of Kp = (15, 55),
which is consistent with a previous modeling report [55]. Outside these values, the controller fails and the activity of the STN oscillates
(not shown).
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Fig. 2. Modeling Parkinson’s disease and its control. A) Firing rate versus time of
the sub-thalamic nucleus (STN) and Globus Pallidus (GP) before (t < 0) and after
(t > 0) changing synaptic parameters that result in pathological oscillatory behavior,
see Table 2. B) The same simulation as in B but with the PID controller active all
the time set to control the firing rate of the STN. The controller gains were K, = 15,
K; = 115, and K; = 0.15.

We then studied the effects of incorporating the integral and
derivative elements of the controller K; # 0 and Kp # 0, respec-
tively. As described in Methods, instead of using the classical first
order derivative and integral we implemented fractional order in-
tegral and derivative operators characterized by their order o and
B, respectively. For values of ¢« =8 =1 (PID%Z} ), the controller
is identical to the classical integer order PID, Egs. (6) and (9).
For PID%Z} a parameter sweep of K; with Kp =0 and Kp = 15 re-
sulted in a range of K; = (0, 856) in which the controller damped
the oscillations. A similar analysis by fixing K; = 0 and Kp = 15 re-
sulted in a range of Kp = (0,0.19). To characterize the combined
use of the PID‘E;l controller we chose a reference gain (K; = 115,

Kp = 0.15, Kp = 15). This set of gains was able to dampen the oscil-
latory behavior to the target firing rate in the STN and GP (Fig. 2B).
We determined again the ranges of the gains but now fixing ei-
ther K; =115 or Kp = 0.15. This analysis showed an increase in
the range of K; = (0, 1967), while the range for Kp remained un-
changed. Thus, a PID%: controller has a narrow value of derivative

gains and a large parameter range in the integral component, con-
sistent with the slow nature of the oscillation being controlled.
Once we characterized the PID%j controller we investigated the

effects on the ranges of K;and Kp when varying the fractional or-
der of the integral and derivative components, o and 8. We first
characterized the changes to K; by keeping Kp = 0.15 and Kp = 15,
and B =1 . As mentioned before a value of & =1 results in the
first integral, which is a measure of the total activity in the system.
The second integral provides information on the direction of the
accumulation of this activity. Thus, a fractional integral between 1
and 2 provides a mixture of information about the total activity
and its overall trajectory as a function of time. Due to these prop-
erties, we varied the value of @ from 1 to 1.9. This analysis shows
that the range of K; is expanded, going from 0 to 17,000, which is
8.6 times the maximum value than for the PID%j case, Fig. 3A.
Similar to our argument of the fractional integral, a fractional
derivative between 0 and 1 provides a mixture of information
of past and instantaneous activity. The fractional derivative of a
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Fig. 3. A fractional order PID results in increase in the range of gains that can be
used to control pathological oscillations. A) The maximum value of the integral gain
(K;) that could control the oscillations versus the order of the fractional integral (o).
Ky, =15 and K; = 0. B) The maximum value of the derivative gain (K;) that could
control the oscillations versus the order of the fractional derivative (8). K, = 15 and
K; = 0.

sine is DP sin(t) = sin(2m ft + am/2), this provides a phase ad-
vance from the monitored signal that can then be used to predict
the behavior of the system. We performed the same analysis as
in the fractional integral case while keeping K; =115 and « = 1.
Our results show that as the value of B8 decreases the maximum
range of Kp that can control the oscillations expands to Kp = 22,
an 11-fold increase in the range compared to the PID%Z} controller,
Fig. 3B. The combined analysis of using fractional the PID%j shows
a multi-fold increase in the range of operational gains compared to
the classical case.

Another form of understanding our results is that the increase
in the robustness in the range of gains when using PID%j is due to
what is known as the intrinsic memory trace. The intrinsic mem-
ory trace, Eq. (21), is a negative feedback function that decays as
a power-law in time and is the property that provides the non-
locality to the fractional operators. To illustrate the function of the
intrinsic memory trace in controlling the system we analyzed two
simulations in which all parameters were identical, with o = 1.5
and B =0.5 and K; = 5788, except for the value of Kp. In one



6 A. Coronel-Escamilla, J.F. Gomez-Aguilar and I. Stamova et al./Chaos, Solitons and Fractals 140 (2020) 110149

>

PiTQ ) ge— KD =255
K, =335
@ 7 30t
g2 M
—_ O v \
o X \
c 3 . q N\ T -
= L il
iz < 20 \ NN~
‘\
j* m
107 o
01 0 01 02 0.3 0.4
Time (s)

o)

8
— @ »0l
S =3
O >0 P
Q5 =X
£97%3 0 N————
—_ 5 (\J’J/
= -0.1 . . . . .
0.1 0 0.1 0.2 0.3 0.4
@ Time (s)
O Q —~ 6ot
> S0
% = 8 400 b
> 200
> O ®
555 '
D ) v—Zl)l)f ) ) ) ) |
€ 01 0 01 02 03 04
Time (s)

C

300

(spikes/s)
= N
8 8

Derivative
memory trace
o

BN\ RN
9

-100
-200 R A
10 20 30 40
Firing rate STN (spk/s)
8
2 8@
= = F
S22 of <0—-
‘= O a
85 2 400!
£ o 10 20 30 40
© Firing rate STN (spk/s)
282"
B8 o 14
S8 0O (o)
-% g -5- |
ocgZua00l . ., .
S 0 10 20 30 40

Firing rate STN (spk/s)

Fig. 4. The function of the intrinsic memory trace of the fractional order controller in dampening oscillation in a model of Parkinson’s disease. A) Two simulations with
o =15, =05, and K; = 5788 in both of them and K; = 2.55 t (black) in one and K; = 3.55 in the other (gray). The symbols are to mark events described in the other
panels. B) Comparison of the memory trace of the integral and the derivative components for the cases described in A. C) Phase plane of the first 100 ms between the
memory trace of the derivative and STN activity. D) Complete phase plane between the memory trace of the derivative and STN activity.

case, Kp = 2.55, the system was under control, and in the other,
Kp = 3.35, the system oscillated, Fig. 4A. Plotting the memory trace
for the integral and derivative elements of the controller show, as
expected, that the integral parts track the slow-moving dynamics,
while the derivative follows fast changes, Fig. 4B. In the case of the
fractional derivative, the response to the onset of the Parkinson’s
condition causes the memory trace to increase, which then pro-
vides a negative feedback into the dynamics, thus reducing the fir-
ing rate of the STN. However, the difference between the controlled
and oscillatory simulations is that in the oscillatory the larger Kp
causes an over-compensation of the memory trace when the firing
rate is recovering to the target value, this then results in a larger
oscillation than in the controlled case (e in Fig. 4A and B). This can
also be seen in the phase plane plots of each case, Fig. 4C and D.
For the controlled case, the oscillation is captured by the attractor
which slowly moves to the target value. However, in the oscillatory
case, the system is not captured by the attractor and escapes from
the target value. This dynamic is very similar to our previously re-
ported modeling studies of the effects of fractional order dynamics
in the generation of trains of action potentials in neurons [75]. In

summary, these analyses show that the PIng controller is several

folds more robust to settings in the gains than the PID%j case.

After showing that the PID%j increases the range of the con-

troller gains we tested the robustness in dampening oscillations
when varying the synaptic parameters of the network model. In
the network model, the oscillatory behavior arises due to in-

creases in the synaptic weights between GP—STN (wgs), STN—GP
(wsg), and GP—GP (wgg). Changes in the other synaptic param-
eters did not result in oscillatory behavior. In order to explore
the synaptic parameters space, we generated 760 combinations of
the three synaptic weights randomly distributed from 0 to 200%
of the disease state values (Table 2). We ran the 760 simula-
tions for each combination of the fractional orders of the inte-
gral, « = (1, 1.3, 1.5, 1.7), and derivative 8 = (0.3,0.5, 0.7, 1).
Each simulation consisted in running the model 2.5 s with the
healthy set of synapses and then another 2.5 s with the disease
state. As before, we determined the simulations that were con-
trolled for each conditions of fractional order controllers. This anal-
ysis shows that the values of wgs and wsg determine whether the
simulation was under control (Fig. 5A). The value of wg; did not
contribute to the control of the simulation, except for the cases
in which the self-inhibition was so strong that it shut down the
activity of the GP (not shown). Since this is not physiologically
realistic, those simulations were discarded. In the case of PID%;}

the fraction of simulations that converged was 0.57, in contrast, for
PID}=(;3 this increased to 0.82. In fact, an analysis of the entire
data set shows that the maximum robustness to changes in synap-
tic weights is achieved with @ = 1.3 and 8 =[0.5, 1]. After @ > 1.7
the simulations do not converge (Fig. 5B). This analysis shows that
fractional order controllers can expand the robustness in control-
ling the onset of oscillations due to changes in network dynamics
with a fixed set of gains.
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Fig. 5. Fractional order properties in a PID controller increase robustness to changes
in synaptic weights. A) Left, Scatter plot of simulations, out of 760, that were con-

trolled by the classical controller, PID%]. Each simulation had a random value of

the synaptic weights (wgs, Wsg, wgg), up to 200% from the values that caused Parkin-
son’s oscillations. The values of wgg; are not shown because they did not show a
correlation with the outcome of the simulations. Right, scatter plot of running the
same 760 simulations with different orders in the fractional controller, PID‘gj)g. B)
Left, Surface plot of the ratio of the simulations that were controlled for each com-
bination of fractional order in the controller, integral, « = (1, 1.3, 1.5, 1.7) for the
integral 8 = (0.3,0.5, 0.7, 1) for the derivative. Right, two-dimensional projection
of the data on the left.

7. Discussion

In this paper, we presented a mathematical and modeling study
to test the advantages of using fractional order controllers in DBS.
Our main result is that the robustness of the controller to changes

in the gains of the PID%j are multi-fold to those determined in

the classical controller, PIng . Similarly, when fixing the gains of

the controller the PID%Z} was able to control oscillations to a larger
range of changes in the synaptic parameters. The general proper-
ties of fractional integration and differentiation provide a mixture
of information about the monitored biomarker signal (the patho-
logical oscillations) not possible with classical integer value inte-
gration or differentiation.

There is increasing interest in using closed-loop DBS for Parkin-
son’s disease. Recent reports show that closed-loop therapies are
more effective than open-loop approaches [13,14,21-24,31,37,45-
47,63,78|. The challenges are to develop adaptive algorithms that
can detect a biomarker and effectively dampen the oscillatory ac-
tivity. Monitoring tremors or difficulty in moving is not a good pre-
dictor of pathological oscillations; instead, the signals within the
basal ganglia are monitored, in particular using LFP in the GP. Our
model used the delayed synaptic input coming from the STN into
the GP as a measure of the LFP. However, depending on the level of
biological detail used in the models this measurement could have
different characteristics. Our model used firing rates; however, it
seems to be possible to trigger closed-loop signals using isolated
action potentials. In any case, the use of flexible algorithms is a
challenge to implement these devices. There are different strate-
gies, such as linear feedback control, genetic algorithms, and other
heuristic processes [15,18,22,61,66,80]. Our approach was different
because instead of focusing on continuously modifying the gains of
the PID controller we used fractional order components, which in-
trinsically have the mathematical framework to process non-linear
systems. The advantage is that our PID%Z} can control the onset
of Parkinson’s oscillations over a wide range of synaptic parame-
ters, suggesting that such a system could handle the physiological
changes expected during chronic therapy.

While much work has been done in studying the properties of
fractional order controllers, the implementation of such systems
has technical hurdles. Computationally, these algorithms are de-
manding. A fractional order integral or derivative requires taking
into account all previous history; thus increasing the computa-
tional demand over time. This could be restricted by defining a
rolling window over which the two functions are calculated. An-
other approach, and probably the most important for DBS, is to
implement the electronic circuits. Fractional differentiation can be
achieved by using fractional capacitors [76]. There are efforts to
develop fractional capacitors with different materials [1,3,40]. Re-
cently, fractional capacitor emulators have been developed which
could be incorporated into PID controllers [76,77]. As these tech-
nologies become available, then they will allow implementing low
power integrated circuits with the flexibility provided by fractional
components.
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