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P¢] 1: Network motif diagram and phase space of typical bursting trajectory of single cell. (A) Caricature of a mixed
3-cell motif with inhibitory and excitatory synapses, represented by e and V-like, resp., as well as an electrical connection
through the gap junction between interneurons 1 and 2. (B) Bursting trajectory (gray) in the 3D phase space of the model,
which is made of the “active” spiking (solenoid-like shaped) and the flat hyperpolarized sections. The gap between the
2D slow nulldine, mkz = 0, and the low knee on the slow quiescent manifold, M., determines the amount of inhibition
needed by the active pre-synaptic cell above the synaptic threshold, Oy, to either slow or hold the postsynaptic cell(s)
at a hyperpolarized level around —0.06 V. The positions of the red, green and blue spheres on the bursting trajectory
depict the phases of the weakly-connected cells of the CPG at two instances: the active red cell inhibits, in anti-phase, the
temporarily inactive green and blue cells at two time instances.
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¢ 2: Schematic showing regimes and how burst duration
changes as the bifurcation parameter, Vfgﬁ is varied. Burst
duration increases as Vi approaches the boundary of the
tonis spiking (TS) state, and decreases towards the bound-
ary of hyperpolarized quiescence (Q). The post-synaptic cell
on the network can temporarily cross either boundary when
excited or inhibited by synaptic currents from pre-synaptic
neurons.
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P#| 3: Variations of bursting of the post-synaptic cell with synaptic strength. Step-wise increases in excitatory (top) and
inhibitory (bottom) strengths, ¢g*¥" , from pre-synaptic cell(s). Increase of the duty cycle (DC) of bursting is through the
extension of either the active phases of bursting or the interburst intervals as the post-synaptic cell on the network is shifted
by synaptic perturbations toward either the tonic spiking (TS) or hyperpolarized quiescence (Q) boundaries in Fig. 2.

[¥] 4: Sample voltage traces depicting phase measurements.
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P¢| 5: Poincaré return maps depicted on the torus. The return maps for the phase lags {A¢>21 , ¢g’f>

neous cells at 50% DC correspond to trajectories on a 2D torus [0, 1) x

} between homoge-

[0,1). Different colors denote attractor basins of

several FPs corresponding to phase locked states of distinct bursting rhythms.
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P4 6: A comparison of time evolutions of phase lags and their motion in the 2D space of phase differences. (A) Time
evolutions of the phase lags, A¢s; (gray) and A¢s; (blue), exponentially converging to phase locked states after 50 burst
cycles with short duty cycle, g% = 5 x 10~%. (B) The corresponding Poincaré phase lag map revealing three stable
FPs (shown in blue, red and green) at (A¢a1, Adz1) = (1,3),(0,3). (3,0) and two unstable FPs (dark dots) at (2, £)
and (%, %) The attractor basins of the three stable FPs are color coded by the color of the FP, and are separated by the
separatrices of six saddle FPs (smaller dots). Arrows on representative lines that connect iterates indicate the forward

direction of iterates. See note at the end of Methods regarding interpretation of the lines and colors.
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[¥] 7: Time evolutions of voltage traces in the short duty cycle motif showing switching between coexisting rhythms. Three
coexisting stable rthythms: (1 L {2]|3}) (first episode), (3 L {1]||2}) (second episode) and ( 2 L {1]|3}) (third episode)
in the short duty cycle motif with 25% DC with +5% random perturbations applied to all inhibitory connections with
g™ = 0.0005. Switching between rhythms is achieved by the application of appropriately-timed hyperpolarized pulses

that release the tarceted cells.
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[¥] 8: Phase lag maps in the long duty cycle motif and switching between two coexisting rhythms. (A) Symmetric phase
lag map for 80% DC, which possesses two stable FPs (A¢a1, Ags1) = (%, %) and (3, 3) of equal basins that correspond
to a counter-clockwise (1 < 3 < 2) and clockwise (1 < 2 < 3) traveling waves. The other three FPs have rather narrow
basins, thus the traveling waves dominate the behavioral repertoire of the network. (B) Map corresponding to the clockwise
biased motif with g., = 0.1 reveals the asymmetric basins of the robust rhythms after three saddles have moved closer to
the stable FP at (3, 2). (C) Bistability: switching from the counter-clockwise, (1 < 3 < 2), to the clockwise, (1 < 2 < 3),
traveling wave in this motif, after releasing the target blue cell from hyperpolarized silence due to an external inhibitory
pulse.
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¥l 9: Time evolutions of voltage traces and phase lag map for the medium duty cycle motif. (A) Transients of the phase
lags, A¢sy1 (gray) and A¢o; (blue), converging to several phase locked states after 90 burst cycles in the medium duty
cycle motif. (B) The phase lag Poincaré map revealing five stable FPs: red dot at (0, 3), green (4, 0), blue (4, 1), black
(2, %) and purple (3, 2), corresponding to the anti-phase (3 L {1]|2}), (2 L {1]|3}), (1 L {2||3}) bursts, and traveling
clockwise (1 < 2 < 3) and counter-clockwise (1 < 3 < 2) waves; the attractor basins of the same colors are subdivided
by separatrices of six saddles (smaller brown dots).

P¥ 10: Voltage traces showing the five bursting polyrhythms in the medium duty cycle motif. Here, we choose ggyn = 5 X
1073 to ensure short transients for the purpose of illustration. Inhibitory pulses (horizontal bars) suppress then release the
the cells, thus causing switching between the co-existing rhythms: (1 L {2]|3}) in episode (i), traveling waves (1 < 2 < 3)
in (ii) and (1 < 3 < 2) in (iii), followed by (2 L {1]||3}) led by cell 2 in (iv). Having released cells 1 and 2 simultaneously,
this makes cell 3 lead the motif in the (3 L {1||2}) rhythm in the fifth episode, (v).
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[#] 11: Phase lag maps near a saddle-node bifurcation for an asymmetric motif. (A) Phase lag map for the short duty cycle
motif and coupling asymmetry g, = 0.41 : the three saddles surrounding the stable F P (A¢a1, Adz1) = (2, £ ), are about
to merge and vanish with other three stable FPs through simultaneous saddle-node bifurcations; the FP at (A1, Adsy) =
(%, %) remains unstable. (B) For gg > 0.42 the FP (A¢a1, Ag31) = (%, %) becomes the only attractor of the map, which
corresponds to the only robust (1 < 3 < 2) traveling wave. The network motif is inset, where darker connections are

stronger.
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[#] 12: Enlargement of the phase lag map for the short duty cycle motifs. (A) Case g = 0.185 depicts a stable invariant
circle near a heteroclinic connection between the surrounding saddles that produces a small-amplitude phase j itter in the

" voltage illustrates the change in stability for the FP at (A¢o1, Ads1) = (%, %) at large values of g¢.

P£] 13: Phase lag maps for the long duty cycle motif with single connection asymmetry. (A) The map for case g5 =
1.5g"" possesses two attractors: one dominant at (%, 2), and another at (2, 1) with a smaller basin; note a saddle point
in the proximity of the latter, which is a precursor of a saddle-node bifurcation. (B) Case g5y = 2¢*¥", which has a single

attractor corresponding to the clockwise (1 < 2 < 3) traveling wave.



P¢| 14: Transformation stages of the phase lag maps for an asymmetric medium duty cycle motif. For the network motif
shown (darker connections are stronger), a single connection ggyln increases from 1.04¢%™ in (A), to 1.4¢%™ in (B), to

1.6g™" in (C). In (A), the saddle between the FPs (A¢a1, Ags1) = (O
annihilates through a saddle-node bifurcation. In doing so, the attractor basin of the dominant red FP at (0

1 12

) and ( ) moves closer to the latter, then

1 .
, 5) widens

)2 373

after absorbing the basin of the vanished FP in (B). In (C) a second saddle-node bifurcation annihilates the red FP. While
the counter-clockwise and reciprocal connections between cell 2 and cells 1 and 3 remain intact, the other three stable FPs,
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1
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2 1

blue at (3, 1), green (4,0) and (2, 1), persist in the map.
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P¢] 15: Transformation stages of the phase lag maps for the pyloric circuit motif. Here, a single connection g5 decreases
from 0.9¢%", 0.6 and 0.2¢™" through to 0 in (A)-(D), respectively. Going from (A) to (B), a triplet of saddle-node
bifurcations eliminate first the clockwise ( %, 2) FP, and then subsequently the green FP at (4,0) in (B) to (C). The
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growing domain of the dominant blue FP at ( 5, 5

(33
eI B RER &122, AFE BL{1 || 2}). Frigslnyst
JF R RS, BT IS PR E RS 2k . X A% il
LA DA —Fh & B TR FR

] S8 B T 1) i o A% it 22 1) HE B B0 T R LR L
IR AH AR IS, WA 19B fis. FeAfTRF
RSN SCh— P EEWATZE, 5AEA A
J& Z AN A ARSI SR ER T 5 AN AR ER A LS 5
“WAR” FPs I Z IAIIEES . “HAR” (5B A HA
ANFAHAL AR R B, A2 B AT )
BN 1)L AL -

M (Agar, Apzr) BITHFR, MM (2L{1 || 3}) 5%
SR 1 < 2 < 3473, HyG? (11{2 | 3})

) widens further from (C) to (D) after the stable counter-clockwise,
) , FP is annihilated through the final saddle-node bifurcation.
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P¢| 16: Transformation stages of the phase lag maps for a motif with uni-directional asymmetry. Two connections g3, and
gy are strengthened from 1.03g" through 1.5¢™" . Due to the uni-directional symmetry breaking, the map first loses

1 2

the clockwise, ( 3, 5

), FP (light gray) after it merges with a saddle at 1.05g°¥", then the blue (

11
202

) and thered (3,0) FPs

disappear through saddle-node bifurcations at 1.35¢™" and 1.45¢g™", respectively. As the counter-clockwise connections

remain the same, the presence of the remaining FPs at (2

1

33

) and (3, 0) on the torus guarantees that the (1 < 3 < 2)

traveling wave and the (2 L {1]|3}) rhythm persist in the motif’s repertoire.
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[¥] 17: Representative phase lag maps for motifs with other connection asymmetry types, Part 1. (A) Counter-clockwise
biased motif with the single strengthened connection g5 = 1.1g®" and medium duty cycle. The phase lag map lacks
the FP at (2, ) and the saddle near the dominating blue FP at (3, 5 ). (B) Motif with a strongly inhibiting cell 1 due to
two strengthened connections: g%’ = g3 = 2¢™" . The phase lag map with the strongly dominating FP at (1, 1) for the
(1 L {2||3}) rhythm whose attractor basin expands over those of the FPs corresponding to clockwise (1 < 2 < 3) and

counter-clockwise (1 < 3 < 2) traveling waves. This larger basin has narrowed those of the coexisting stable green F'P

at ($,0) for the (2 L {1||3}) thythm and the red FP at (0, 1) for the (3 L {1/|2}) rhythm.
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P¢] 18: Representative phase lag maps for motifs with other connection asymmetry types, Part 2. Motifs with two con-

syn syn

nections strengthened according to g5, = g5

(A) and weakened g

syn.

g5y (B), resulting in qualitatively similar

maps. Due to the broken rotational symmetries, the maps both no longer possess FPs for the clockwise (1 < 2 < 3)

and counter-clockwise (1 < 3 < 2) traveling waves. (C) The phase lag maps for g7, =

syn __syn
913 = Y23 =

syn

= gy = 1.25¢™" and for

= 0.8¢"™". Two large attractor basins belong to the stable (blue) FP in the middle for the ( 1 L {2]|3}) rhythm

and the stable (green) fixed point at (3,0) for (2 L {1||3}) rhythm. These co-exist with a smaller basin of the red fixed

syn

point at ( ) (D) Further increasing to g% = g5)

= 1.5¢%" in motif (A), or decreasing to g3

syn syn

= gy = 0.6g™"

in motif (B) makes the blue and green FPs vanish through consecutive saddle-node bifurcations, thus resulting in the ap-
pearance of the stable invariant curve wrapping around the torus. The invariant circle repeatedly traverses throughout the

“ghosts” of the four vanished FPs. Note the shrinking basin of the red FP at (3, 0) with decreasing g5 =

in motif (A)
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P¢| 19: Asymmetric motifs that only exhibit phase slipping. (A) Here, g5 = g5 = 1.5g™ and ¢
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13 =931 =
The phase lag map possesses only one attractor: the invariant curve corresponding to the phase slipping regime. (B)
Voltage traces showing phase slipping beginning with the (2 L {1||3}) rhythm and continuously transitioning into the
clockwise (1 < 2 < 3) traveling wave, followed by the (1 L {2||3}) rhythm, and being continued by the counter-

clockwise (1 < 3 < 2) traveling wave and coming back to the initial (2 L {1||3}) rhythm in nine bursting cycles.

0.8g%".

) 2 ANANFRE FPs (B2 ) WAL 5 B =AM E 1Y) FPs
FI 5 |7 B 7S A8 FPs (VNS 14 BR et . IR
5 E R — /B IR SR I« 65 T AR e A =
FhAAERIa, AT Ao — P i f S A R %

TEMERET, FERZHIEOT, XA 52Xt
FRAERCAG, B ZAEI A TR, Mt et
A . XTSRRI BRI &, T 24 SEST
V. B T 5 FERER DC B M 24 arE R H
J5t 3 4R B AR

SN AR H 2 R R U
T (A%, AplTY) = (ASY, AgSy): i HL i
B I RO IE . PN, SR L
ZHFH (5,2) (3, 5) B FPs ZAEfM 5], (AA A
INe X RE RAEARRARAR, (HX A 8 ] A=A T
Wo. HULHER, WA, S @ Frs Bire 2 Hi R
Y, AR TR AN RE A A o W E AN



¢ 20: Asymmetric motif with strong connections to cell 3. Motif with cell 3 receiving inhibition stronger than the nominal
value: ¢1%" = ¢5%" = 1.6 g¥™. Such strong asymmetry means the map no longer possesses the traveling wave or the blue
and green pacemaking FPS’ similar to that shown in Fig. B. There is bi-stability between the two remaining attractors, i.e.
the stable red FP at (%, 0) and the stable invariant curve. The stable invariant curve “flows” upwards, because the period
of cell 3 is longer than the period of cells 1 and 2 .

£ 21: Motifs with the asymmetric inhibition to cell 3. (A) The phase lag map for the medium duty cycle motif at
gy = g3 = gos = 1.5g™" generates two phase-locked bursting rhythms. There is a dominant (2 L {1]|3}) rhythm
due to the large attractor basin of the green FP at (3,0), and the (3 L {1[|2}) rhythm corresponding to the red attractor
at (0, 1) which has a smaller basin. (B) Here, g7’ = g3y = g5 = 1.5¢™". In the corresponding phase lag map, the
stable FP at (3, 1) has a larger attractor basin compared to that of the coexisting FP for cell 3 that leads the (3 L {1]|2})
rhythm.



P¢] 22: A motif with cell 1 leading in two half-center oscillators. The phase lag map at g75 " =
= 1.5¢™" has a single phase-locked attractor - the blue FP at (

syn

911

P¢| 23: Fine dynamical structure near the origin Ago; =
A¢s1 = 0 of the phase lag map. Green, red, and black
dots denote stable, repelling, and saddle FPs (resp.) in the
vicinity of the origin, corresponding to all three cells almost
synchronized in the homogenous medium-bursting motif.
Globally, at a larger scale, the origin appears unstable.
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= g51"1.5¢°" and g35"
1) corresponding to the unique rhythm, (1 L {2[|3}).

¢ 24: Phase lag map for the excitatory, weakly coupled,
homogeneous motif with short duty cycle. With ¢"%" =
5 x 1074, this map has a dominant attractor at the ori-
gin that corresponds to synchronous bursting. Also de-
picted are three repelling FPs (blue, red and green ) at
(Ada1, Ags1) = (3,3) (0, %), and (3,0), as well as sta-
ble FPs at (2, 1) and (%, 2) with small attractor basins,
corresponding to traveling waves, co-existing with the syn-
chronous bursting.
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[¥] 25: Phase lag maps for the mixed homogeneous motif with medium duty cycle as reversal potential varies. With
g™ = 0.0005, maps are depicted for E3! = —0.050 in (A), —0.030 in (B) and —0.020 V in (C). (A) Increasing E2>!,

causes two saddle-node bifurcations: one %reaks the clockwise rotational symmetry and annihilates the corresponding lgP
at (3, 2), while the other annihilates the stable red point at (0, 3). (B) This widens the basins of the blue and green stable
FPs at (%, %) and (3,0). Further raising 3], eliminates the attractor basin for the black FP at (3, 5) in (B), and finally
the blue FP along with the (1 L {2||3}) - hyythm in (C). Black-labeled trajectories indicate the direction field on the torus
and the separatrices of saddles.
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¢l 26: Transient voltage traces converging to the (2 L {1||3})

-thythm generated by a mixed motif. Here, E3},

—0.020 V, which corresponds to the phase lag map having a single attractor at the green FP in Fig. 25C; here stronger
g™¥" = 0.005 was used for the sake of illustration of a quicker convergence.
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[¥] 27: Phase lag maps for the mixed motifs as an excitatory reversal potential varies. Here, we choose values —0.050,
—0.030 and —0.010 V, for the reversal potential, Egy, in the two excitatory connections originating from cell 3 . (A)
Increasing Ey, causes two saddle-node bifurcations, and breaks the rotational symmetries and hence annihilates the FPs

at (2,1) and (3, 2). This widens the basins of the blue and green stable FPs at (3, ) and (3, 0), and shrinks that of the

red stable FP at (O, %) (B) Making two connections more excitatory produces a closed heteroclinic connection between
the remaining FPs, which becomes a stable invariant circle wrapped around the torus (inset C). Black-labeled trajectories
indicate the direction field on the torus and the separatrices of saddles.
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[¥] 28: Transformation stages of the phase lag map for the inhibitory motif with a single gap junction between cells 1 and 2.
Increasing the electrical coupling strength from 10~# through 3 x 10~* transforms the multistable motif into a dedicated
one by eliminating first the FPs corresponding to the traveling waves, and next the green and blue FPs at the same time as
the gap junction is bi-directional. Eventually, the red FP (0, 3), corresponding to the single (3 L {1/2})-rhythm led by
cell 3 in the motif with the gap junction uniting bursting cells 1 and 2 , becomes the global attractor of the map.
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¢l 29: Sudden death of bursting in cell 3 after application of an inhibitory stimulus to cell 1. An inhibitory stimulus
causes the switch from the (3 L {1]|2}) rhythm, led by cell 3, to a pattern where it is forced to become hyperpolarized
quiescent. This state is due to cell 3 receiving continuous inhibition by the half-center oscillator formed by cells 1 and 2
0.4g™".

syn
23

in an asymmetric motif at g%’ = ¢ o

=06g™" and g5} = gzs’,y2n =

P¢] 30: Sketch of nested synchronization zones in the parameter space of the network. The synchronization zones are
the existence regions of co-existing stable FPs corresponding to various phase-locked bursting patterns of the CPG. The
boundaries of the zones are crossed when a single bifurcation parameter Aglsgn (e.g. one of the coupling strengths) is
varied from a nominal value so that it causes a sequence of saddle-node bifurcations that eliminate FPs and corresponding

patterns from the network dynamics.
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